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Do stringy corrections stabilize colored black holes?
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We consider hairy black hole solutions of Einstein-Yang-Mills-dilaton theory, coupled to a Gauss-Bonnet
curvature term, and we study their stability under small, spacetime-dependent perturbations. We demonstrate
that stringy corrections do not remove the sphaleronic instabilities of colored black holes with the number of
unstable modes being equal to the number of nodes of the background gauge function. In the gravitational
sector and in the limit of an infinitely large horizon, colored black holes are also found to be unstable. Similar
behavior is exhibited by magnetically charged black holes while the bulk of neutral black holes are proved to
be stable under small, gauge-dependent perturbations. Finally, electrically charged black holes are found to be
characterized only by the existence of a gravitational sector of perturbations. As in the case of neutral black
holes, we demonstrate that for the bulk of electrically charged black holes no unstable modes arise in this
sector.

PACS number~s!: 04.70.Bw, 04.20.Jb, 04.50.1h, 11.25.Mj
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I. INTRODUCTION

To date a large number of hairy black hole geometr
have been found in a diverse range of matter models cou
to various theories of gravity~for a recent review of some
aspects, see@1#!. Stable examples of black holes with hair a
of particular interest for their physical relevance and also
order to investigate the effects of hair on quantum proces
connected with black holes. However, many of the ha
black holes currently known are unstable, particularly tho
involving non-Abelian gauge fields@2–8#, where the insta-
bility is topological in nature and similar to that of the fl
space sphaleron. The only exceptions to the above rule
the black hole solutions found in the framework of Einste
Skyrme theory@9# and magnetically charged, non-Abelia
black holes in the limit of infinitely strong coupling of th
Higgs field @10# or in the presence of a negative cosmolo
cal constant@11#. The limited number of stable black hole
known so far makes the quest for new stable solutions b
immediate and challenging.

The superstring effective action at low energies that f
lows from the compactification of the heterotic superstr
theory provides us with a generalized theory of grav
which is an excellent framework for the study of black hole
The theory contains, apart from the usual Einstein term
number of scalar fields, the dilaton, axion, and moduli fiel
coupled to higher-derivative gravitational terms as well
non-Abelian gauge fields. Here, we are particularly int
ested in the theory that describes the coupling of the dila
field to the one-loop Gauss-Bonnet curvature term, and
also include a non-Abelian gauge field. These models
known to possess black hole solutions with hair, both w
@12–14# and without@15,16# the gauge field. In the absenc
of the gauge field, the so-called dilatonic hairy black ho
found in @15# were proved to be linearly stable@17# with
their stability being in accordance with their interpretation
a generalization of the Schwarzschild black hole in
0556-2821/2000/61~8!/084032~14!/$15.00 61 0840
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framework of string theory. This family of stable black hole
corresponds to the upper branch of the neutral black h
solutions found later in@13# and whose relative stability with
respect to a second unstable branch of solutions was dem
strated by the use of catastrophe theory@18#. However, the
question of the stability of the corresponding colored bla
holes that arise in the presence of the non-Abelian ga
field still remains open. In this article we investigate wheth
the stability of dilatonic black holes extends to the ca
where the dilaton is also coupled to the gauge field. We w
be particularly interested in stringy colored black holes, a
it will be shown that they, like their nonstringy counterpar
are topologically unstable. In addition, conclusions on
stability of dilatonic black holes under small, gauge pert
bations as well as that of magnetically and electrica
charged black holes will also be drawn.

The outline of the paper is as follows. In Sec. II we intr
duce our model and briefly review the properties of t
stringy black hole solutions. The solutions fall into four ca
egories: neutral, colored, magnetically charged, and ele
cally charged, depending on the behavior of the gauge fi
For the first three types of solutions, the linearized pertur
tion equations decouple, under an appropriate choice
gauge, into two sectors, corresponding to gravitational
sphaleronic perturbations. We first concentrate on the sph
ronic sector, and show in Sec. III that there are topologi
instabilities for both colored and magnetically charged bla
holes. We then count the number of unstable modes in
sector and find that it equals the number of zeros of
gauge field function of the background solution. In the sa
section, we also consider the stability of the sphaleronic s
tor of neutral black holes. In Sec. IV, we comment on t
gravitational sector for all four types of black holes, appe
ing to catastrophe theory and continuity arguments. Magn
cally charged and colored black holes have instabilities
this sector due to the presence of the non-Abelian ga
field, while the bulk of electrically charged and neutral bla
©2000 The American Physical Society32-1
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P. KANTI AND E. WINSTANLEY PHYSICAL REVIEW D 61 084032
holes are shown to be stable. Section V is devoted to
conclusions derived from our analysis.

II. STRINGY COLORED BLACK HOLES

We consider the following Lagrangian describing strin
corrections to the SU~2! Einstein-Yang-Mills model@12#:

L5
R

2
1

1

4
]mf]mf1

a8ef

8g2
~bR GB

2 2FamnFa
mn!,

~2.1!

where f is the dilaton field andR GB
2 5RmnrsRmnrs

24RmnRmn1R2 the higher-derivative Gauss-Bonnet term
In Eq. ~2.1! we have set the gravitational couplingk2

58pG equal to unity, so thata8/g2 is the single coupling
constant. In effective string theory, which is the situation
which we are interested, the constantb is equal to unity, and
from now on we shall fixb to have this value. It is known
that, in this case, there are no particlelike solutions to
field equations@19#. In this paper, we are concerned on
with the black hole solutions, and shall not consider the p
ticlelike solutions which exist for other values ofb. How-
ever, much of our analysis applies equally well for all valu
of b, and in particular to the caseb50, which corresponds
to the Einstein-Yang-Mills-dilaton~EYMD! black holes con-
sidered in@3,4#. If the coupling constant is fixed~for numeri-
cal computations the valuea8/g251 is convenient!, then
there is only one remaining parameter, namely, the ev
horizon radiusr h .

We consider the general spherically symmetricAnsatzfor
the SU~2! non-Abelian gauge potential@20#:

A5a0t̂ rdt1bt̂ rdr1@nt̂u2~11w!t̂w#du1@~11w!t̂u

1nt̂w#sinu dw, ~2.2!

with t̂ r5 t̂•er , wheret̂ i , i 51,2,3, are the usual Pauli ma
trices. ThisAnsatz for the gauge potential~2.2! does not
completely fix the gauge. There is still freedom to ma
unitary transformations of the form

A→TAT 211TdT 21, ~2.3!

where

T5exp@k~r ,t !t̂ r #, ~2.4!

under which the gauge potential components transform
cording to

S a0

b

w

n

D →S a02 k̇

b2k8

w cosk2n sink

n cosk1w sink

D , ~2.5!

where here, and in the rest of the paper, we use prim
denote the derivative with respect tor, and ˙ to denote de-
rivative with respect tot. We shall make use of this gaug
08403
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freedom to choose the gauge for which the perturbat
equations take their simplest form.

We also consider the following spherically symmetric lin
element for the spacetime background:

ds252eGdt21eLdr21r 2~du21sin2u dw2!. ~2.6!

In the above twoAnsätzefor the non-Abelian gauge field an
the line element,G, L, a0 , b, n, andw depend ont and
r. For the equilibrium solutions,b andn vanish identically,
and all quantities depend on the coordinater only. Solutions
are found by numerical integration, requiring that there b
regular event horizon atr 5r h and that the geometry be as
ymptotically flat, with no singularities outside the event h
rizon. The requirement of asymptotic flatness places the
lowing constraints on the matter fields asr→`: the dilaton
f→0, while the gauge field functiona0→0. Finally, w→
61 for colored black holes with vanishing charge at infin
and w→0 for the globally magnetically charged solution
The types of solutions fall into four categories, depending
the form of the gauge field.

~1! Neutral black holes, for whichw[61 and a0[0.
These solutions have a vanishing gauge field strength
were discussed in@15,17#.

~2! Magnetically chargedblack holes, wherea0[0 and
w[0. These have a fixed magnetic charge of unity once
coupling constants are fixed@13#.

~3! Coloredblack holes, wherea0[0 andw varies. These
are the stringy sphalerons described in@12#. The functionw
has at least one zero, and the solutions are characterize
the number of nodes ofw.

~4! Electrically chargedblack holes, wherea0 does not
vanish. The equations describing these black holes are fo
from the general field equations@derived by varying the ac-
tion ~2.1!# by settingc[a0w[0 and thenw[61. The form
of the functiona0(r ) is fixed by the field equations to satisf

a085e(G1L)/2e2f
Q

r 2
, ~2.7!

where the electric chargeQ of the black hole can be varied
provided a naked singularity is not formed@13#.

The form of the metric and dilaton fields is qualitative
the same for all four types of solutions, with the dilaton fie
monotonically decreasing to its asymptotic value and
metric functions interpolating between their horizon a
asymptotic values at infinity. Regular black hole solutions
each type exist for all values ofr h above a critical value a
which point a naked singularity is formed. In the case
dilatonic and colored black holes with a Gauss-Bonnet te
the above constraint takes the form@12,15#

a8

g2
efh,

r h
2

A6
. ~2.8!

The first three types of solution are easily studied within
same algebraic framework, simply choosingw as appropriate
for each case. Since the electrically charged black holes h
2-2
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DO STRINGY CORRECTIONS STABILIZE COLORED . . . PHYSICAL REVIEW D61 084032
a nonzero functiona0, they will have to be considered sep
rately in the stability analysis.

III. SPHALERONIC INSTABILITIES

In this section we consider the magnetically charged
colored black holes and investigate the existence of sph
ronic instabilities under small, bounded, spacetim
dependent perturbations. We use thetemporal gaugeand set
a050. The advantage of using the temporal gauge is that
system of perturbation equations decouples into two sec
the gravitational sector consisting ofdG, dL, df, anddw,
and thesphaleronicsector which comprisesdb anddn. For
electrically charged black holes, the most useful choice
gauge is not immediately apparent. This will be conside
in Sec. IV, where it is shown that electrically charged bla
holes effectively have only gravitational sector perturbatio
Here, we concentrate on the study of the sphaleronic se
of the colored and magnetically charged black holes, leav
the stability analysis of their gravitational sector also for S
IV. Our work in this section will also be applicable to th
stability analysis of neutral black holes under small, gau
perturbations, and the corresponding conclusions will
drawn simply by settingw[61 in the following. The analy-
sis of Sec. III B will then confirm that neutral black holes d
not have any instabilities in this sector.

For the sphaleronic sector, and colored and magnetic
charged black holes, we have the following perturbat
equations, where we have considered periodic perturbat
of the formdP(r ,t)5dP(r )eist:

sFdb81dbS f81
2

r
2

G8

2
2

L8

2 D1
2eL

r 2
w dnG50

~3.1!

and

2eG2LS Hbb Hbn

2Hnb 2Hnn
D 5s2S r 2e2L 0

0 2D S db

dn
D , ~3.2!

where

Hbb5w2db,

Hbn5wdn82w8dn,
~3.3!

Hnb5~wdb!81wS f81
G82L8

2 D db1w8db,

Hnn5dn91S f81
G82L8

2 D dn81
eL

r 2
~12w2!dn.

These equations depend on the dilaton fieldf; however, they
have no dependence on the Gauss-Bonnet curvature t
except through the static solutions. Therefore, our anal
applies equally well to the case of EYMD black holes. In t
following subsections, we shall first of all prove the ex
tence of unstable modes for both magnetically charged
08403
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colored black holes, and then proceed to count the numbe
modes of instability. Our analysis will not depend on t
details of the equilibrium solutions, only on properties su
as the number of nodes of the gauge field. In this sense
instabilities are ‘‘topological.’’

A. Existence of instabilities

In this subsection we shall employ a variational method
show that there are sphaleronic instabilities for both colo
and magnetically charged black holes. The sphaleronic
tor perturbation equations~3.2! take the form

HS db

dn
D 5s2AS db

dn
D . ~3.4!

The operatorH must be self-adjoint with respect to a su
able inner product on the space of functions

C5S db

dn
D ,

and the operatorA is required to be positive definite, so th
^CuAuC&.0 for all nonzeroC, using the same inner prod
uct. The variational method has been applied successfull
various systems involving non-Abelian gauge fields~see, for
example, @7#!, and involves defining the following func
tional:

s2@C#5
^CuHuC&

^CuAuC&
5

^H&

^A&
~3.5!

for any trial functionC. The lowest eigenvalue of the syste
~3.2! gives a lower bound for this functional. Therefor
there are negative eigenvaluess2 ~which correspond to un-
stable modes! if we can find any functionC which satisfies
s2@C#,0, with ^A&,`. The advantage of this approach
that it is easier to find trial functions which satisfy the
criteria than it is to find eigenfunctions, which often involve
numerical analysis. The disadvantage is that we do not
tain precise information about the number or magnitude
the negative eigenvalues. In this subsection we are intere
in showing that the presence of the dilaton and Gauss-Bo
term in our model is not sufficient to render the gauge fi
hair topologically stable. We shall return to the question
the number of unstable modes in the next subsection.

The inner product of two trial functions is defined as

^CuF&5E
r h

`

efe2(G2L)/2C̄F dr, ~3.6!

and with respect to this inner product the operatorH is self-
adjoint, whileA is positive definite. This inner product~3.6!
is slightly different from the one usually employed~see, for
example,@7#! due to theef term. This term is crucial ifH is
to be self-adjoint. We consider the following trial function

db52w8Zk~r !,
~3.7!

dn5~w221!Zk~r !,
2-3
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which are the same as those used in the Einstein-Yang-M
Higgs case@7# @these are appropriate due to our inner prod
~3.6!, which effectively absorbs all thef dependence in this
sector#. In order to define the functionsZk , first introduce a
new coordinater:

dr

dr
5efe2(G2L)/2. ~3.8!

This is not the usual ‘‘tortoise’’ coordinate because of thef
dependence. Then we define the sequence of functionsZk(r)
by @21#

Zk~r!5ZS r

kD , k51,2, . . . , ~3.9!

whereZ(r) is an even function which is equal to unity fo
rP@0,C#, vanishes forr.C11, and satisfies

2D<
dZ

dr
,0 for rP@C,C11#, ~3.10!

with C andD arbitrary positive constants.
With these trial functions, after a lengthy calculation, w

have

^A&5E
r h

`

dr efe2(G2L)/2Zk
2@r 2e2Lw8212~w221!2#,

^H&52E
r h

`

dr 2efe(G2L)/2J

1E
r h

`

dr 2efe(G2L)/2J~12Zk
2!

1E
r h

`

dr 2efe(G2L)/2~w221!2Zk8
2 , ~3.11!

where

J5w821
eL

r 2
~w221!2>0, ~3.12!

and all boundary terms have vanished due to the definitio
the functionsZk . Immediately it can be seen that the expe
tation values ofA andH are finite for each value ofk, and
the expectation value ofA is positive, as expected. The se
ond and third terms in Eqs.~3.11! converge to zero ask
→`, and hence choosingk sufficiently large, we obtain a
negative expectation value forH. We conclude that the sys
tem of perturbation equations~3.2! has at least one negativ
mode, and hence that the black holes are unstable in
sphaleronic sector.

The other equation in this sector~3.1! is known as the
Gauss constraint. However, we do not need to consider
here, since it is automatically satisfied by eigenfunctions
the system~3.2!. To see this, consider the ‘‘pure gauge
functions given by
08403
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db5F8, dn52wF, ~3.13!

where F is an arbitrary~differentiable! function of r. The
perturbations~3.13! satisfy Eq. ~3.2! with eigenvalues2

50 for anyF. Therefore, if (db,dn) are eigenfunctions with
eigenvalues2Þ0, they must be orthogonal to the ‘‘pur
gauge’’ modes:

K S F8

2wFD UAUS db

dn
D L 50. ~3.14!

Performing an integration by parts, we obtain

E
r h

`

dr efe2(G1L)/2r 2FG50, ~3.15!

whereG is the expression in brackets in the Gauss constr
~3.1!. SinceF is arbitrary and the integrand is assumed to
continuous, the Gauss constraint must be satisfied by
perturbationsdb anddn.

We note that the analysis of this subsection app
equally well to the colored black holes of@12# as well as the
magnetically charged black holes which occur whenw[0
@13#. The instability of the magnetically charged black hol
may be understood by considering them as colored bl
holes in the limit in which the number of nodes of the gau
field functionw goes to infinity. Therefore, they correspon
to saddle points of the action~2.1! due to the fact that the
gauge group is non-Abelian. In addition, since the spha
ronic sector perturbation equations do not depend on
Gauss-Bonnet term and the proof of instability depends
on the details of the equilibrium solutions, but only on the
global features~such as the existence of the event horizo!,
the analysis also applies to EYMD black holes@3#. We em-
phasize that the calculations necessary to obtain the exp
tion value ~3.11! made use only of the static equilibrium
equation forw ~which has the same form for both the Gaus
Bonnet and EYMD models! and not that forf, which does
involve the Gauss-Bonnet term. Therefore EYMD bla
holes are also unstable in the sphaleronic sector. This is w
would be anticipated, but previous studies of the stability
the EYMD system have concentrated only on the grav
tional sector@3#. Therefore the presence of the dilaton~either
with or without an associated Gauss-Bonnet term! is not suf-
ficient to remove the topological instabilities of the Yan
Mills field. So far, the only way to do this is to introduce
negative cosmological constant@11#.

B. Counting the number of unstable modes

Having shown that there exist instabilities in the spha
ronic sector, we now count the number of unstable mod
This subsection extends the method of@6#, which counts the
number of sphaleronic instabilities of Einstein-Yang-Mil
~EYM! black holes, to systems involving a dilaton field an
Gauss-Bonnet curvature term.

First, we define the usual ‘‘tortoise’’ coordinater * @com-
parer, Eq. ~3.8!#,
2-4
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dr*

dr
5e2(G2L)/2, ~3.16!

and introduce the quantities

x5
r 2

2
e2(G1L)/2efdb, g25

2eG

r 2
. ~3.17!

Then the perturbed equations for the sphaleronic sector~3.2!
can be written in the more compact form

05
dx

dr*
1efw dn,

s2x5w2g2x1efS w
d

dr*
dn2

dw

dr*
dn D , ~3.18!

2s2efw dn5
d

dr*
Fw2g2x1efS w

d

dr*
dn2

dw

dr*
dn D G .

The first of these equations is the Gauss constraint which
assume to hold even in the case thats50. In that case, we
can easily prove that the third equation is a direct con
quence of the first two and it will be ignored hereafter.
terms of the new function

u5
e2f/2x

w
, ~3.19!

the first two perturbation equations in Eqs.~3.18! can be
rearranged to give

2
d2u

dr* 2
1U1~r * !u5s2u, ~3.20!

where

U1~r * !5
1

2
g2~11w2!1

2

w2 S dw

dr*
D 2

1
2

w

dw

dr*

df

dr*

1
1

4 S df

dr*
D 2

2
1

2

d2f

dr* 2
. ~3.21!

This is a standard Schro¨dinger equation, but the potentialU1
is not regular becausew has zeros. Therefore we need to u
the method of@6# to map this equation to a ‘‘dual’’ Schro¨-
dinger equation which will have a regular potential.

The ‘‘pure gauge’’ modes~3.13! give a solution of Eq.
~3.20! whens50, namely,

u05
ef/2

wg2

dF
dr*

, ~3.22!

where in order that the Gauss constraint be satisfied~even
thoughs50) the arbitrary functionF must satisfy the dif-
ferential equation
08403
e

-

d

dr*
S ef

g2

dF
dr*

D 5efw2F. ~3.23!

The functionu0 can be used to factorize the operator acti
on u in Eq. ~3.20!:

Q1Q252S d

dr*
1

1

u0

du0

dr*
D S d

dr*
2

1

u0

du0

dr*
D

52
d2

dr* 2
1

1

u0

d2u0

dr* 2
. ~3.24!

By definingc5Q2u and applyingQ2 again, we obtain the
‘‘dual’’ eigenvalue equation

Q2Q1c52
d2c

dr* 2
1U2~r * !c5s2c, ~3.25!

where

U2~r * !5
1

2
g2~3w221!12

d

dr*
~w2Y!

1
1

2

d2f

dr* 2
1

1

4 S df

dr*
D 2

. ~3.26!

In the above,Y is a function ofr * defined as

Y52g2FS dF
dr*

D 21

~3.27!

and satisfying the equation

dY

dr*
52g21w2Y21

df

dr*
Y. ~3.28!

Equation ~3.25! is another standard Schro¨dinger equation,
but now we have a potential which is regular everywhe
outside the event horizon, provided thatY is a regular, well-
defined, bounded function for allr * . Assuming for the mo-
ment that this is the case~we shall return to this issue
shortly!, the solutionc0 of Eq. ~3.25! whens50 will then
have the same number of zeros as there are eigenfunc
with s2,0, that is, the number of unstable modes. The z
energy solutionc0 satisfies the equation

Q1c05S 2
d

dr*
2

1

u0

du0

dr*
D c0

5S 2
d

dr*
1w2Y1

1

w

dw

dr*
1

1

2

df

dr*
D c050,

~3.29!

leading to the solution
2-5
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c05w ef/2expS E
0

r*
w2Y dr* D . ~3.30!

The functionc0 then has the same number of zeros asw if
the last factor on the right-hand side of Eq.~3.30! is regular
for all r * . Assuming, in addition, thatc0 is normalizable,
this leads us to conclude that the number of unstable mo
in the sphaleronic sector equals the number of zeros of
gauge field functionw for the colored stringy black holes.

At this stage we need to check our assumptions, nam
that the functionY, satisfying the differential equation~3.28!,
is regular for allr * and vanishes sufficiently quickly in th
asymptotic regimesr * →6` so that the integral in Eq
~3.30! is finite everywhere. We also require that the functi
c0 given by Eq. ~3.30! be a normalizable eigenfunction
First, from the definition~3.27! of Y, it can be seen thatY
will be a regular function as long asF is regular and
dF/dr* Þ0. The behavior ofF is most easily found by con
sidering the differential equation~3.23! in terms of the radial
coordinater:

F91S f81
2

r
2

G8

2
2

L8

2 DF82
2eLw2

r 2
F50. ~3.31!

This equation has regular singular points atr 5r h ,`. Near
r 5r h , the standard Frobenius method reveals that eitheF
;O(1) or F;O(r 2r h) asr→r h . We consider the solution
of Eq. ~3.31! which has the behaviorF;(r 2r h). Since Eq.
~3.31! has only one other singular point, at infinity, this s
lution can be extended to a solution regular for allr. Then, as
r→`, applying the Frobenius method again shows that
therF;O(r ) or F;O(r 22). It must be the case thatF;r ,
since we can show thatF cannot vanish at bothr 5r h and as
r→`, as follows. From Eq.~3.23! we have

0<E
r 0*

r 1* efw2F 2dr* 5E
r 0*

r 1* F d

dr*
S ef

g2

dF
dr*

D dr*

5FFef

g2

dF
dr*

G
r
0*

r 1*

2E
r 0*

r 1* ef

g2 S dF
dr*

D 2

dr* . ~3.32!

Taking r 0* →2` ~corresponding tor→r h), r 1* →` (r
→`), we obtain a contradiction ifF→0 for both limits~if F
is not identically zero!. Similarly, if dF/dr* 50 for r *
5r 1* and takingr 0* →2`, we also obtain a contradiction
which means thatdF/dr* cannot be zero forr * P(2`,`).
ThereforeY is a regular function ofr * for all r * . In addition,
the differential equation~3.28! shows that

Y;2
1

wh
2r *

→0 as r * →2`,

Y;2
1

r *
→0 as r * →`. ~3.33!
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This means thatuc0u2;(r * )22 as r * →6`, and soc0 is a
normalizable wave function. Therefore the conditions nec
sary for our conclusion—that there are as many nega
modes as zeros of the functionw—to hold are satisfied.

The analysis of this subsection once again reveals the
pological nature of the instabilities, since the precise det
of the equilibrium solutions were not needed, but only ge
eral properties such as the behavior in the asymptotic reg
and the number of nodes of the gauge function. In particu
the only equilibrium field equation used in the calculations
that for w, which does not depend explicitly on the Gaus
Bonnet term. Therefore, the result holds for all values ofb,
so both the colored black holes with a Gauss-Bonnet cu
ture term and the EYMD solutions are covered. The num
of unstable modes is exactly the same as for EYM bla
holes@6#, so the stringy corrections make no difference to t
topological instabilities.

So far in this subsection we have been concerned w
colored black holes, since we have assumed implicitly thaw
does not vanish identically. For magnetically charged bla
holes, wherew[0, the sphaleronic sector perturbation equ
tions ~3.2! reduce todb[0 ~implying that the Gauss con
straint is satisfied! and

s2dn1
d2

dr* 2
dn1

df

dr*

d

dr*
dn1

eG

r 2
dn50. ~3.34!

This can be cast into the form of a standard Schro¨dinger
equation for the variablej5ef/2dn:

s2j1
d2j

dr* 2
2US~r * !j50, ~3.35!

where the potential is

US~r * !5
1

2

d2f

dr* 2
1

1

4 S df

dr*
D 2

2
eG

r 2
. ~3.36!

In the next section we shall find that a Schro¨dinger equation
with this potential also governs the gravitational sector p
turbations of the magnetically charged black holes. We s
be able to appeal to catastrophe theory to show that
equation~3.35! has an infinite number of unstable modes,
that the magnetically charged black holes have infinit
many sphaleronic instabilities. This result was anticipa
from regarding the magnetically charged black holes as
limit of colored black holes in which the number of zeros
w goes to infinity.

As we mentioned in the beginning of this section, o
analysis is also applicable to the stability analysis of
sphaleronic sector of neutral black holes. Although the c
responding background solutions have no gauge field
sphaleronic sector arises when one applies small gauge
turbations to the system. From Eq.~3.30!, we can easily see
that, in this case, the functionc0 has no nodes since, b
definition, w2[1 everywhere. This confirms the absence
unstable modes in the sphaleronic sector of neutral bl
2-6
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holes and demonstrates the stability of this family of so
tions even under gauge perturbations.

IV. GRAVITATIONAL SECTOR PERTURBATIONS

We now turn to the gravitational sector perturbations. T
perturbation equations in this sector, as shall be seen be
are extremely unattractive~in @17# a great deal of complex
numerical work was necessary! and so we shall appeal to th
catastrophe theory analysis of@13#. In @13# the authors inves-
tigated the properties of the static solutions with varying h
rizon radiusr h , fixing the values of the coupling constan
a8/g2 andb. In this section we shall first consider the grav
08403
-

e
w,

-

tational sector of the colored and magnetically charged bl
holes. Then, we shall confirm that the addition of the pert
bation dw in the gravitational sector of the neutral blac
holes does not introduce any instabilities. Finally, we w
examine the stability of the electrically charged black hol
which need to be studied separately becausea0Þ0 for the
equilibrium solutions.

A. Colored and magnetically charged black holes

The gravitational sector perturbation equations for
neutral, colored, and magnetically charged black holes us
the temporal gauge take the form
05df91df8S G8

2
2

L8

2
1

2

r D2dfFf91f8S G8

2
2

L8

2
1

2

r D G2eL2Gdf̈1
a8ef

g2r 2
~12e2L!~eL2GdL̈2dG9!

1dG8H f8

2
2

a8ef

g2r 2 FL8e2L1~12e2L!S G82
L8

2 D G J 1
2a8ef

g2r 2 H eL

r 2
~12w2!w dw2w8dw8J

1dL
a8ef

g2r 2 H G8L8e2L2e2LFG91
G8

2
~G82L8!G2

eL

2r 2
~12w2!2J 2dL8H f8

2
2

a8ef

g2r 2

G8

2
~123e2L!J , ~4.1a!

052eL2Gdẅ1dw91dw8S f81
G82L8

2 D1w8S df81
dG82dL8

2 D1
eL

r 2
@dL w~12w2!1dw~123w2!#, ~4.1b!

05dL8F11
a8eff8

2g2r
~123e2L!G1df8F2

rf8

2
1

a8ef

2g2r
L8~123e2L!2

2a8ef

g2r
f8~12e2L!G

2df9
a8ef

g2r
~12e2L!1dLH eL

r
1

a8ef

g2r
Fe2L

3f8L8

2
2e2L~f91f82!2

eL

4r 2
~12w2!2G J

1
a8ef

g2r
FeL

r 2
~12w2!w dw2w8dw8G1df

a8ef

g2r
Ff8L8

2
~123e2L!

2~12e2L!~f91f82!2
eL

4r 2
~12w2!22

w82

2 G , ~4.1c!

05dG8F11
a8eff8

2g2r
~123e2L!G1df8F2

rf8

2
1

a8ef

2g2r
G8~123e2L!G2df̈

a8ef

g2r
eL2G~12e2L!

1df
a8ef

2g2r
Ff8G8~123e2L!1

eL

2r 2
~12w2!22w82G2

a8ef

g2r
FeL

r 2
~12w2!w dw1w8dw8G

1dLH 2
eL

r
1

a8ef

2g2r
F3f8L8e2L1

eL

2r 2
~12w2!2G J , ~4.1d!

05dL̇F11
a8eff8

2g2r
~123e2L!G2

rf8

2
dḟ2

a8ef

g2r
F ~12e2L!S dḟf81df 8̇2dḟ

G8

2 D1w8dẇG , ~4.1e!
2-7
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05dG9S 12
a8ef2L

g2r
f8D 1

dG8

2
~G82L8!1~dG82dL8!S G8

2
1

1

r D1f8df82eL2GdL̈2
a8ef2L

g2r

3H ~df912f8df8!G81df8G91dG8~f91f82!1S df8G8

2
1

f8dG8

2 D ~G823L8!1~df2dL!

3Ff8G91G8~f91f82!1
f8G8

2
~G823L8!G1

f8G8

2
~dG823dL8!1eL2G~L8df̈2f8dL̈!J

2
a8ef1L

2g2r 4
@~df1dL!~12w2!224~12w2!w dw#. ~4.1f!
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The presence of the Gauss-Bonnet term means that t
perturbation equations are considerably more complex t
those of the EYMD system@3#. However, the gauge field
does not make them particularly more complicated than
neutral black holes with the Gauss-Bonnet term@17#.

We can immediately reduce the number of equations b
by integrating Eq.~4.1e! with respect to time to give

05dLF11
a8eff8

2g2r
~123e2L!G2

rf8

2
df

2
a8ef

g2r
F ~12e2L!S f8df1df82df

G8

2 D1w8dwG
2m~r !, ~4.2!

wherem(r ) is an arbitrary function ofr. Differentiating the
above equation with respect tor and comparing it with Eq.
~4.1c! by using, at the same time, the time-independent eq
tions of motion, a lengthy calculation gives the followin
differential equation form(r ):

m8~r !1m~r !F1

2
~G82L8!1

1

r G50. ~4.3!

When integrated, this equation yieldsm(r )}e(L2G)/2/r ,
which goes to infinity whenr→r h , in contradiction to our
assumption of small, bounded perturbations. As a result,
only acceptable solution for the functionm(r ) is the trivial
one,m[0.

For both colored and magnetically charged black ho
the behavior of the static solutions asr h is varied is qualita-
tively the same. Static configurations which solve the fi
equations exist for allr h above a certain value, at whic
point a naked singularity forms. This is in accordance w
the result that there are no particlelike solutions in this the
@19#. There is no critical point in the graph of black ho
mass against horizon radius@13#, and therefore catastroph
theory tells us that the stability of the solutions does not a
as we varyr h . This result can be considered from anoth
perspective.

The system of equations~4.1! could be rewritten as two
coupled linear equations for the perturbationsdf anddw by
08403
se
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1,
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r
r

eliminatingdL anddG. ~This would be a long and tediou
calculation; see@17# for the corresponding computation i
the neutral case.! Assuming that the equilibrium solutions ar
analytic in the parameterr h , it would be possible to invoke
functional analysis theorems to show that the negative eig
valuess2 of the system must also be analytic inr h . There-
fore the number of negative eigenvalues~corresponding to
the number of unstable modes! can only change when a
eigenvalue passes through the value zero. A perturba
changes the mass of the black hole by an amount pro
tional to the eigenvalue. Therefore a zero mode does
change the mass of the black hole. Furthermore, a zero m
corresponds to a time-independent perturbation, in ot
words, a small, static perturbation of the equilibrium so
tions. Such a perturbation exists only if there are two eq
librium solutions arbitrarily close together for the same va
of the black hole mass, that is, at a critical point. Therefo
when there is no critical point~as is the case for colored an
magnetically charged black holes!, the stability does not
change as we vary the parameterr h . For neutral black holes
there are two branches of solutions@13#, the upper branch
extending to arbitrarily larger h . The analysis below would
then apply to this upper branch, and we shall below obt
agreement with the known result that this branch of solutio
is linearly stable@17#.

Since there is no upper bound on the value ofr h , we shall
consider the perturbation equations asr h→`, in which case
they will take a particularly simple form. From this we sha
be able to appeal to the catastrophe theory analysis to de
the stability of the black holes, whatever their horizon radi
First, introduce the following dimensionless variables:

r̂ 5
r

r h
, t̂5

t

r h
. ~4.4!

In that case, all the terms proportional toa8 become of
O(1/r h

2) while all the other terms are ofO(1). However, we
cannot yet take the limitr h→` since the Gauss-Bonne
terms contain derivatives of the metric functions that dive
at the limit r→r h . In order to resolve this, we use, onc
again, the tortoise coordinate transformation~3.16! which
now connectsr̂ with r̂ * . Then, the perturbed equations ta
the form
2-8
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052df̈1
d2

dr̂* 2
df1

2

r̂
e(G2L)/2

d

dr̂*
df

2F d2f

dr̂* 2
1

2

r̂
e(G2L)/2

df

dr̂*
Gdf

1
1

2

df

dr̂*
S d

dr̂*
dG2

d

dr̂*
dL D 1OS 1

r h
2D ,

052dẅ1
d

dr̂* 2
dw1

df

dr̂*

d

dr̂*
dw

1F d

dr̂*
df1

1

2 S d

dr̂*
dG2

d

dr̂*
dL D G dw

dr̂*

1
eG

r̂ 2
@w~12w2!dL1~123w2!dw#,

~4.5!

05e(G2L)/2
d

dr̂*
dG2

r̂

2

df

dr̂*

d

dr̂*
df2

eG

r̂
dL1OS 1

r h
2D ,

05dL2
r̂

2

df

dr̂*
df1OS 1

r h
2D .

As r h→`, in accordance with the no-hair theorem, the g
ometry becomes that of a Schwarzschild black hole withf
[const and the Yang-Mills field superimposed on this ba
ground. As a result, both of the perturbationsdL and dG
vanish while the equation fordf reduces to the form

2
d2l

dr̂* 2
1

e(G2L)/2

r̂
S dG

dr̂*
2

dL

dr̂*
D l5s2l, ~4.6!

where

l5dfexpS E
2`

r̂* e(G2L)/2

r̂
d r̂* D ~4.7!

and we have considered periodic perturbations. The ab
equation takes the form of a Schro¨dinger-like differential
equation with a potential which is everywhere regular as w
as positive and vanishes asr̂ * →6`. We thus may conclude
that the subsector of the dilaton and metric perturbation
still characterized by the absence of any unstable mo
Now we turn to the perturbation equation of the Yang-Mi
function. By implementing the results derived from th
above analysis, this takes the form

2
d

dr̂* 2
dw2

eG

r̂ 2
~123w2!dw5s2dw. ~4.8!

This equation is exactly the same, to leading order in 1/r h
2 , as

the perturbation equation for the gauge field in Einste
Yang-Mills theory without a dilaton or Gauss-Bonnet ter
This was to be expected since the EYM equations also
08403
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couple in the limitr h→` to give a Schwarzschild geometr
with a gauge field on this background. It is known that t
EYM system possesses instabilities in this sector~see, for
example,@2#!. The above equation fordw is in agreement
with this result. As the background gauge functionw oscil-
lates around its zero value@12#, a potential well is formed in
the region wherew2,1/3, thus leading to the existence o
bound states in the corresponding Schro¨dinger equation. We
therefore conclude that the stringy colored black holes
also unstable and their instabilities are, once again, ass
ated with the existence of nodes of the background ga
function w. It is worth noting that, in the case of colore
black holes arising in the presence of a negative cosmol
cal constant in the theory, solutions with a zero number
nodes do exist and they were proved to be linearly stabl
both perturbation sectors@11#.

That the magnetically charged black holes also poss
unstable modes in this sector may be deduced, as in
sphaleronic sector, from the fact that they are the limit
colored black holes in which the number of zeros of t
gauge field goes to infinity. For magnetically charged bla
holes, which follow if we setw50, the potential in the
Schrödinger equation~4.8! is everywhere negative and goe
to zero asr̂ * →6`:

U~ r̂ * !52
eG

r̂ 2
. ~4.9!

The standard estimate for the number of bound sta

(1/p)*2`
` A2U( r̂ * )dr̂* @22# then shows that there are a

infinite number of unstable modes in this case.
This analysis for a very large horizon radius has co

firmed what might have been anticipated, namely, that
instabilities are due to the presence of the gauge field
addition, it is known that EYMD black holes possess gra
tational instabilities@3#, which is in agreement with our re
sults, assuming that stability does not change asb varies.
This is a reasonable assumption, since the behavior of
field equations asr h→` is the same for allb.

As explained earlier in this subsection, catastrophe the
tells us that the stability of the black holes does not cha
as we varyr h . The results above, derived in the limitr h
→`, can therefore be extended to arbitraryr h for which
black hole solutions exist. In particular, colored black ho
will be unstable in this sector, and magnetically charg
black holes will have an infinite number of unstable gravi
tional modes.

We now exploit the result that magnetically charged bla
holes have infinitely many unstable modes in the grav
tional sector, irrespective of the value of the horizon radi
to infer that they also have infinitely many unstable modes
the sphaleronic sector. For magnetically charged black h
and any value of the horizon radiusr h , the perturbation
equation fordw, Eq. ~4.1b!, decouples from the other equa
tions in the gravitational sector and has the simplified for

s2j1
d2j

dr* 2
2UG~r * !j50, ~4.10!
2-9
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wherej5ef/2dw and

UG~r * !5
1

2

d2f

dr* 2
1

1

4 S df

dr*
D 2

2
eG

r 2
. ~4.11!

This potential is exactly the same as that arising in
sphaleronic sector perturbations of magnetically char
black holes~3.36!. Therefore, since the Schro¨dinger equation
~4.10! has infinitely many negative eigenvalues, magne
cally charged black holes also have infinitely many unsta
modes in the sphaleronic sector, as asserted in the prev
section.

For neutral black holes, in the limit of a large horizo
radius, the potential in the perturbation equation fordw, Eq.
~4.8!, after settingw561, reduces to

U~ r̂ * !5
2eG

r̂ 2
. ~4.12!
, a

08403
e
d

i-
le
us

Since this potential is everywhere positive and tends to z
in the asymptotic regions, we can conclude that there are
unstable modes. Therefore neutral black holes are stab
we varyr h ~we emphasize that this applies only to the upp
branch of solutions in@13#, namely, the branch of solution
which extends to an arbitrarily large horizon radius a
which includes the bulk of the background black hole so
tions @18#!. In the next subsection we shall show, by anoth
method, that the equation fordw and generalr h has no un-
stable modes. This result will be useful in studying the s
bility of electrically charged black holes, to which we no
turn.

B. Electrically charged black holes

We now turn to electrically charged black holes, whi
need to be considered separately from the other cases
causea0Þ0 for the equilibrium solutions. As in the previou
subsection, we first consider the linearized perturbat
equations involving the metric perturbationdL:
05dL8F11
a8eff8

2g2r
~123e2L!G1df8F2

rf8

2
1

a8ef

2g2r
L8~123e2L!2

2a8ef

g2r
f8~12e2L!G

1dLH eL

r
1

a8ef

g2r
Fe2L

3f8L8

2
2e2L~f91f82!G J 2

a8r

4g2
efe2G@a08

2~df2dG!12a08~da082dḃ!#

2df9
a8ef

g2r
~12e2L!1df

a8ef

g2r
Ff8L8

2
~123e2L!2~12e2L!~f91f82!G ; ~4.13a!

05dL̇F11
a8eff8

2g2r
~123e2L!G2

rf8

2
dḟ2

a8ef

g2r
~12e2L!S dḟf81dḟ82dḟ

G8

2 D . ~4.13b!
ur-
dic

lly
is
e

the

nec-
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-

,

Integrating Eq.~4.13b! gives, as in the previous subsection
function m(r ) such that

m~r !5dLF11
a8

2g2r
eff8~123e2L!G2

rf8

2
df

2
a8ef

g2r
~12e2L!S f8df1df82

G8

2
df D ,

~4.14!

which satisfies the following differential equation:

m8~r !1m~r !F1

2
~G82L8!1

1

r G
5

a8r

2g2
efe2Ga08Fa08df2dḃ1da082

1

2
a08~dG1dL!G .

~4.15!
Since the left-hand side of Eq.~4.15! depends only onr and
not ont, the same must be true of the combination of pert
bations in the brackets on the right-hand side. For perio
perturbations, it follows that

dḃ2da082a08df1
1

2
a08~dG1dL!50, ~4.16!

in which case, exactly as for colored and magnetica
charged black holes,m(r )[0. It should be stressed at th
point that Eq.~4.16! does not in fact correspond to a choic
of gauge. According to the residual gauge freedom of
gauge potential~2.5! the quantitydḃ2da08 is invariant, so
we cannot choose its form. Equation~4.16! therefore repre-
sents a constraint on the gauge potential perturbations,
essary in order that Eqs.~4.13! be consistent. Whena0[0
~for neutral, colored, and magnetically charged black hol!
the two equations fordL are automatically consistent, re
gardless of the behavior ofw. The remaining gauge freedom
could be used to setda0[0 in the electrically charged case
as for the other types of black hole solutions.
2-10
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For the construction of the Yang-Mills perturbation equ
tions, we first define the quantityc[a0w. For equilibrium
black holes,c is set to vanish identically, althoughw[61
anda0Þ0 @13#. Therefore, we regardc as a separate entity
with perturbationdc, which is independent ofdw andda0.
The Yang-Mills perturbation equations then take the follo
ing form:

0562efe(L2G)/2~dc1dṅ!1] r H e2(L1G)/2r 2ef

3Fdḃ2da082a08df1
1

2
a08~dG1dL!G J , ~4.17a!

0562efe(G2L)/2~dn86db!1e2(G1L)/2r 2ef

3Fdb̈2dȧ082a08dḟ1
1

2
~dĠ1dL̇!G , ~4.17b!

05eL2Gef~dn̈1d ċ!1] r@e(G2L)/2ef~dn86db!#

1efe(L2G)/2a0~a0dn2dẇ!, ~4.17c!

052eL2Gdẅ1eL2Ga0dṅ1dw91S f81
G8

2

2
L8

2 D dw81e(L2G)/2a0~dc1dṅ!, ~4.17d!

where the6 depend on whetherw561. With the constraint
~4.16!, the Yang-Mills perturbation equations~4.17! simplify
greatly, and reduce to the conditions

dc52dṅ, db57dn8, a0dn5dẇ, ~4.18!

and the equation fordw then also has a simple form

dw91Ff81
1

2
~G82L8!Gdw82

2eL

r 2
dw50. ~4.19!

It is rather surprising that this equation has no time dep
dence. In order to study the space dependence ofdw, we are
going to consider the above perturbation as the zero eig
function of the following eigenvalue problem:

dw91Ff81
1

2
~G82L8!Gdw82

2eL

r 2
dw52s2dw.

~4.20!

We note as an aside that Eq.~4.20! is the equation satisfied
by periodic perturbationsdw in the case of neutral equilib
rium black holes. Here we shall be using Eq.~4.20! as a tool
to show that there are no solutions of Eq.~4.19! representing
physical perturbations. It should be emphasized that
~4.19! does not restrict the time dependence of the pertu
08403
-

-

-

n-

q.
a-

tion dw at all, although the spatial dependence for each ti
t will be that of the solution of Eq.~4.20! whens250.

In order to get Eq.~4.20! in the form of a Schro¨dinger
equation, it is convenient to define another new coordinateR
by

dR
dr

5e2fe2(G2L)/2. ~4.21!

Again, the presence of thee2f term means that this is no
the ‘‘tortoise’’ coordinate@compare Eqs.~3.8! and ~3.16!#.
Then Eq.~4.20! becomes

2
d2

dR 2
dw1

2eGe2f

r 2
dw5s2e2fdw. ~4.22!

This equation is not quite of the standard Schro¨dinger form,
due to thee2f multiplying the s2. However, sincee2f.0,
the standard theorems still apply~see, for example,@23#!, so
in particular there can be no negative eigenvaluess2 because
the potential

U5
2eGe2f

r 2
~4.23!

goes to zero asR→6` ~i.e., at the event horizon and a
infinity! andU>0 everywhere. Since there are no negat
eigenvalues fors2, this means that the solution of Eq.~4.22!
with s50 ~if it exists! can have no zeros. For a physic
perturbationdw, we require thatdw→0 asR→6`. Since
dw has no zeros, it must be of one sign and have at least
maximum~if it is everywhere positive! or at least one mini-
mum ~if negative!. By Eq. ~4.22!, d2dw/dR 2 has the same
sign asdw, since the potentialU is positive. Therefore, if
dw.0, at a stationary pointd2dw/dR 2.0 also, which
means thatdw has a minimum. This is in contradiction wit
the requirement thatdw tend to zero in the asymptotic re
gime. A similar argument holds ifdw is everywhere nega
tive. The only possible solution of Eq.~4.19! is therefore
dw[0, so that

dw5dn5db5dc50. ~4.24!

We note that the fact that there are no negative eigenva
s2 of Eq. ~4.20! confirms that there are neutral black hol
with no instabilities, even when embedded in the no
Abelian gauge group.

For electrically charged black holes we are left, as w
neutral black holes, with effectively only a gravitational se
tor, consisting ofdf, dG, dL, and da0, the latter being
constrained by Eq.~4.16! to be given by

da085a08df2
1

2
a08~dG2dL!. ~4.25!

We could use the remaining gauge freedom to setda0[0,
but this will make no difference to our analysis. The rema
ing perturbation equations take the form
2-11
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wheredL is given by Eq.~4.14!. This could be reduced to
single equation by using Eq.~4.14! and ~4.25!. However,
since we shall be appealing to catastrophe theory, this d
not afford any advantage in the analysis.

Now that the system has been reduced to a set of cou
equations~4.26! involving perturbations of the dilaton field
and metric functions, we can once again appeal to the ca
trophe theory analysis of@13#. They find two branches o
electrically charged black hole solutions, one of which e
tends out to an infinite horizon radius. We shall focus on t
branch of solutions since it is this branch~if any! which can
be stable. As in the previous section, we consider pertu
tion equations in the limitr h→`, and work to leading orde
in 1/r h

2 . Using the same tortoise coordinater̂ * as in the pre-
vious subsection, we find the equations

052df̈1
d2

dr̂* 2
df1

2

r̂
e(G2L)/2

d

dr̂*
df2F d2f

dr̂* 2

1
2

r̂
e(G2L)/2

df

dr̂*
Gdf1

1

2

df

dr̂*
S d

dr̂*
dG2

d

dr̂*
dL D

1OS 1

r h
2D ,
08403
es

ed

s-

-
s

a-

05e(G2L)/2
d

dr̂*
dG2

r̂

2

df

dr̂*

d

dr̂*
df2

eG

r̂
dL1OS 1

r h
2D ,

~4.27!

05dL2
r̂

2

df

dr̂*
df1OS 1

r h
2D .

These are exactly the same equations~without the equa-
tion for dw) as those obtained for the other types of bla
hole solutions~4.5!. In this case, forr h@1, the geometry
reduces to a Reissner-Nordstro¨m black hole, withf[const.
As in the Schwarzschild case, the perturbationsdG anddL
vanish identically, and the equation fordf reduces to Eq.
~4.6!. The same argument then shows that there are no in
bilities in this sector forr h@1. The catastrophe theory analy
sis then tells us that the upper branch of electrically char
black holes is stable for allr h .

We conclude in this subsection that the upper branch
electrically charged black holes is stable, whereas we h
already shown that magnetically charged black holes are
finitely unstable. This may be surprising, especially since
gauge field in both cases is essentially Abelian. However,
magnetically charged black holes, the gauge potential isem-
bedded Abelian; in other words, it corresponds to the produ
of a U~1! gauge potential and a constant matrix. This emb
2-12
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ding in the non-Abelian gauge group SU~2! gives rise to an
infinite number of unstable modes. As discussed earlie
this article, the same conclusion can be reached from obs
ing that magnetically charged black holes arise as the limi
colored black holes in which the number of nodes of
gauge functionw goes to infinity. This leads to infinitely
many modes of instability in the sphaleronic sector. On
other hand, because of the construction of electrica
charged black holes~in particular, settingc[a0w[0 in the
field equations although neithera0 nor w vanish! means that
the gauge potential is genuinely U~1! ~without any embed-
ding!. Therefore the stability of these solutions is not une
pected. In this case there is effectively no sphaleronic sec
so other instabilities present for colored and magnetic
charged black holes do not arise.

V. CONCLUSIONS

In this article, we have considered a generalized, stri
inspired theory of gravity that describes the nonminimal c
pling of a single scalar field, the dilaton, to gravity throu
the higher-derivative Gauss-Bonnet term as well as to a n
Abelian SU~2! gauge field. This theory has been shown
previous work@12# to admit regular and asymptotically fla
black hole solutions that are characterized by the presenc
a nontrivial dilaton and gauge field on the region outside
horizon in contradiction with the ‘‘no-hair’’ theorem of th
theory of general relativity. Nevertheless, the hair of the
black hole solutions is merely ‘‘secondary’’ in the sense t
no new charges can be associated with the aforementio
nonvanishing fields. The dilatonic black holes that arise
the same framework but in the absence of the gauge
@15# have been already proved@17# to be linearly stable un-
der small, bounded, spacetime-dependent perturbation
they correspond to the stable branch of the family of neu
black hole solutions. Then, the question of the behavior
the colored black holes under the same type of perturbati
and in the presence of the same stringy corrections, natu
arises.

By making an appropriate choice of gauge, the lineariz
perturbation equations, for the colored black holes, were
coupled into two sectors, the sphaleronic and gravitatio
ones. In the first sector, the perturbation equations resem
those of Einstein-Yang-Mills-dilaton theory with the explic
dependence on the Gauss-Bonnet term having been e
nated. For the needs of our analysis, well-known meth
@6,7#, which were previously used for the stability analysis
black hole solutions arising in the framework of Einste
Yang-Mills theory, were extended in order to accommod
the dilaton field. Then, the existence of topological instab
ties was analytically demonstrated by making use of
method of trial functions. The number of unstable modes
this sector was determined by mapping the irregular Sch¨-
dinger equation of the gauge perturbations to a ‘‘dual’’ reg
lar one and it was found to be the same as the numbe
zeros of the background gauge field. In the gravitational s
tor, as a result of the complexity of the perturbation eq
tions, continuity arguments based on the results derived f
the catastrophe theory analysis@13# allowed us to work in
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the limit of an infinitely large horizon value. Although th
subsystem of the metric and dilaton perturbations was fo
to be stable, instabilities attributed once again to the oscil
ing behavior of the background gauge function around z
were proved to exist. As a result, we may conclude that
accommodation of stringy corrections to non-Abelian bla
holes fails to render these solutions linearly stable.

The perturbation equations for magnetically charged a
neutral black holes, under the same type of perturbatio
may easily follow from the corresponding ones for the c
ored black holes by simply choosing an appropriate value
the background gauge functionw. This allows us to draw
conclusions concerning the stability of these two families
solutions in the same framework and by using the sa
methods as above. Then, the study of the sphaleronic se
reveals the existence of an infinite number of unsta
modes, for magnetically charged black holes, and the s
holds for the gravitational sector. The above result is in
cordance with the interpretation of this family of solutions
the limit of colored black holes in which the number of zer
of w goes to infinity. On the other hand, no unstable mod
are found for the upper branch of neutral black holes in b
sectors which confirms the stable character of these solut
not only under metric and scalar perturbations@17# but even
under gauge-dependent perturbations.

Finally, the stability analysis of the electrically charge
solutions was conducted although in a different framew
of perturbation equations due to the differentAnsätzefor the
background gauge field. Nevertheless, we were able to s
that, in order for our perturbation equations to be consist
a constraint that involves a combination of gauge, met
and scalar perturbations must be satisfied. In that case
have shown that the gauge perturbations are completely
coupled from the scalar and metric ones, a feature wh
facilitates the study of each subsector. The gauge pertu
tions were found to reduce to a single equation fordw
which, however, was shown not to accept any solutions r
resenting physical perturbations. On the other hand, by u
the same continuity arguments and working again in the li
of an infinitely large horizon, we proved that no unstab
modes arise in the remaining subsector of metric and sc
perturbations for the upper branch of the electrically charg
black hole solutions. In conclusion, the bulk of electrica
charged black holes, in common with neutral dilatonic bla
holes, are stable under small, spacetime-dependent pert
tions. The stability of these two families of solutions can
justified by their interpretation as a generalization
Reissner-Nordstro¨m and Schwarzschild black holes, respe
tively, in the framework of string theory.
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