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Do stringy corrections stabilize colored black holes?
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We consider hairy black hole solutions of Einstein-Yang-Mills-dilaton theory, coupled to a Gauss-Bonnet
curvature term, and we study their stability under small, spacetime-dependent perturbations. We demonstrate
that stringy corrections do not remove the sphaleronic instabilities of colored black holes with the number of
unstable modes being equal to the number of nodes of the background gauge function. In the gravitational
sector and in the limit of an infinitely large horizon, colored black holes are also found to be unstable. Similar
behavior is exhibited by magnetically charged black holes while the bulk of neutral black holes are proved to
be stable under small, gauge-dependent perturbations. Finally, electrically charged black holes are found to be
characterized only by the existence of a gravitational sector of perturbations. As in the case of neutral black
holes, we demonstrate that for the bulk of electrically charged black holes no unstable modes arise in this
sector.

PACS numbgs): 04.70.Bw, 04.20.Jb, 04.56h, 11.25.Mj

[. INTRODUCTION framework of string theory. This family of stable black holes
corresponds to the upper branch of the neutral black hole
To date a large number of hairy black hole geometriessolutions found later ifi13] and whose relative stability with
have been found in a diverse range of matter models couple@spect to a second unstable branch of solutions was demon-
to various theories of gravityfor a recent review of some strated by the use of catastrophe the§]. However, the
aspects, sed]). Stable examples of black holes with hair are question of the stability of the corresponding colored black
of particular interest for their physical relevance and also irholes that arise in the presence of the non-Abelian gauge
order to investigate the effects of hair on quantum processdteld still remains open. In this article we investigate whether
connected with black holes. However, many of the hairythe stability of dilatonic black holes extends to the case
black holes currently known are unstable, particularly thosevhere the dilaton is also coupled to the gauge field. We will
involving non-Abelian gauge field®2—8], where the insta- be particularly interested in stringy colored black holes, and
bility is topological in nature and similar to that of the flat it will be shown that they, like their nonstringy counterparts,
space sphaleron. The only exceptions to the above rule agge topologically unstable. In addition, conclusions on the
the black hole solutions found in the framework of Einstein-stability of dilatonic black holes under small, gauge pertur-
Skyrme theory[9] and magnetically charged, non-Abelian bations as well as that of magnetically and electrically
black holes in the limit of infinitely strong coupling of the charged black holes will also be drawn.
Higgs field[10] or in the presence of a negative cosmologi- The outline of the paper is as follows. In Sec. Il we intro-
cal constanf11]. The limited number of stable black holes duce our model and briefly review the properties of the
known so far makes the quest for new stable solutions botktringy black hole solutions. The solutions fall into four cat-
immediate and challenging. egories: neutral, colored, magnetically charged, and electri-
The superstring effective action at low energies that fol-cally charged, depending on the behavior of the gauge field.
lows from the compactification of the heterotic superstringFor the first three types of solutions, the linearized perturba-
theory provides us with a generalized theory of gravitytion equations decouple, under an appropriate choice of
which is an excellent framework for the study of black holes.gauge, into two sectors, corresponding to gravitational and
The theory contains, apart from the usual Einstein term, @phaleronic perturbations. We first concentrate on the sphale-
number of scalar fields, the dilaton, axion, and moduli fieldsronic sector, and show in Sec. lll that there are topological
coupled to higher-derivative gravitational terms as well adnstabilities for both colored and magnetically charged black
non-Abelian gauge fields. Here, we are particularly inter-holes. We then count the number of unstable modes in this
ested in the theory that describes the coupling of the dilatosector and find that it equals the number of zeros of the
field to the one-loop Gauss-Bonnet curvature term, and cagauge field function of the background solution. In the same
also include a non-Abelian gauge field. These models arsection, we also consider the stability of the sphaleronic sec-
known to possess black hole solutions with hair, both withtor of neutral black holes. In Sec. IV, we comment on the
[12-14 and without[15,16] the gauge field. In the absence gravitational sector for all four types of black holes, appeal-
of the gauge field, the so-called dilatonic hairy black holesing to catastrophe theory and continuity arguments. Magneti-
found in [15] were proved to be linearly stabld7] with cally charged and colored black holes have instabilities in
their stability being in accordance with their interpretation asthis sector due to the presence of the non-Abelian gauge
a generalization of the Schwarzschild black hole in thefield, while the bulk of electrically charged and neutral black
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holes are shown to be stable. Section V is devoted to th&eedom to choose the gauge for which the perturbation

conclusions derived from our analysis.

II. STRINGY COLORED BLACK HOLES

We consider the following Lagrangian describing stringy

corrections to the S(2) Einstein-Yang-Mills mode[12]:
a'e?

8g?

R 1
L=+

2 4 (BR(ZSB_FaMVFaMV)!

&Md)ﬁ“d)-i—
2.1

where ¢ is the dilaton field andRZ%g=R,,,,R*"""
—4R, ,R*"+ R? the higher-derivative Gauss-Bonnet term.
In Eqg. (2.1) we have set the gravitational coupling’

=8mG equal to unity, so thak'/g? is the single coupling

equations take their simplest form.

We also consider the following spherically symmetric line
element for the spacetime background:

ds?=—eldt®+erdr2+r?(d#?+sifode?). (2.6

In the above twaAnsazefor the non-Abelian gauge field and
the line elementl’, A, ay, b, v, andw depend ort and
r. For the equilibrium solutiondy and v vanish identically,
and all quantities depend on the coordinatmnly. Solutions
are found by numerical integration, requiring that there be a
regular event horizon at=r,, and that the geometry be as-
ymptotically flat, with no singularities outside the event ho-
rizon. The requirement of asymptotic flatness places the fol-
lowing constraints on the matter fields &s>0: the dilaton

constant. In effective string theory, which is the situation in¢— 0, while the gauge field functioa,—0. Finally, w—

which we are interested, the constghis equal to unity, and
from now on we shall fix3 to have this value. It is known

+1 for colored black holes with vanishing charge at infinity
andw—0 for the globally magnetically charged solutions.

that, in this case, there are no particlelike solutions to théhe types of solutions fall into four categories, depending on

field equationg19]. In this paper, we are concerned only

with the black hole solutions, and shall not consider the par-

ticlelike solutions which exist for other values @f How-

the form of the gauge field.
(1) Neutral black holes, for whichw==*1 anday,=0.
These solutions have a vanishing gauge field strength and

ever, much of our analysis applies equally well for all valueswere discussed ifi5,17).

of B, and in particular to the cage= 0, which corresponds
to the Einstein-Yang-Mills-dilatofEYMD) black holes con-
sidered in3,4]. If the coupling constant is fixedor numeri-
cal computations the value’/g?=1 is convenient then

(2) Magnetically chargedlack holes, where@,=0 and
w=0. These have a fixed magnetic charge of unity once the
coupling constants are fixdd3].

(3) Coloredblack holes, wheray,=0 andw varies. These

there is only one remaining parameter, namely, the everdre the stringy sphalerons described12]. The functionw

horizon radiugy,.
We consider the general spherically symme#itsatzfor
the SU2) non-Abelian gauge potentig20]:
A=agrdt+brdr+[vry—(1+w)7,]do+[(1+w) 7,
+v7,]sindde, (2.2

with 7,=7-e., wherer;, i=1,2,3, are the usual Pauli ma-
trices. ThisAnsatzfor the gauge potential2.2) does not

completely fix the gauge. There is still freedom to make

unitary transformations of the form
A—TAT '+7d7T %, (2.3
where

T=exd k(r,t)7,], (2.4

under which the gauge potential components transform a

cording to
=) ao—k
b b—k’ 25
— .
w w cosk— v sink

<

v cosk+w sink

C_

has at least one zero, and the solutions are characterized by
the number of nodes of.

(4) Electrically chargedblack holes, wher@, does not
vanish. The equations describing these black holes are found
from the general field equatiofderived by varying the ac-
tion (2.1)] by settingc=a,w=0 and therw==*1. The form
of the functionay(r) is fixed by the field equations to satisfy

a():e(”A)’Ze*d’g

.t (2.7

where the electric charg® of the black hole can be varied,
provided a naked singularity is not forméet3].

The form of the metric and dilaton fields is qualitatively
the same for all four types of solutions, with the dilaton field
monotonically decreasing to its asymptotic value and the
metric functions interpolating between their horizon and
asymptotic values at infinity. Regular black hole solutions of
each type exist for all values of, above a critical value at
which point a naked singularity is formed. In the case of
dilatonic and colored black holes with a Gauss-Bonnet term
the above constraint takes the fofdaR,15

a’ 2

_e¢h<_.
9° G

(2.9

where here, and in the rest of the paper, we use prime tghe first three types of solution are easily studied within the

denote the derivative with respect tpand to denote de-
rivative with respect td. We shall make use of this gauge

same algebraic framework, simply choosimgs appropriate
for each case. Since the electrically charged black holes have
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a nonzero functior,, they will have to be considered sepa- colored black holes, and then proceed to count the number of
rately in the stability analysis. modes of instability. Our analysis will not depend on the
details of the equilibrium solutions, only on properties such
as the number of nodes of the gauge field. In this sense the

) . ) . instabilities are “topological.”
In this section we consider the magnetically charged and

colored black holes and investigate the existence of sphale-
ronic instabilities under small, bounded, spacetime-
dependent perturbations_ We use thmporaj gaug@_nd set In this subsection we shall employ a variational method to
a,=0. The advantage of using the temporal gauge is that thehow that there are sphaleronic instabilities for both colored
system of perturbation equations decouples into two sector@nd magnetically charged black holes. The sphaleronic sec-

IIl. SPHALERONIC INSTABILITIES

A. Existence of instabilities

the gravitational sector consisting obI', A, 8¢, and dw,
and thesphaleronicsector which comprise8b and v. For

electrically charged black holes, the most useful choice of H
gauge is not immediately apparent. This will be considered

tor perturbation equation@.2) take the form

2o

ov ov 3.4

in Sec. IV, where it is shown that electrically charged black . . .
holes effectively have only gravitational sector perturbationsThe operator{ must be self-adjoint with respect to a suit-
Here, we concentrate on the study of the sphaleronic sect@b!e inner product on the space of functions

of the colored and magnetically charged black holes, leaving
the stability analysis of their gravitational sector also for Sec.
IV. Our work in this section will also be applicable to the

v-[o)

stability analysis of neutral black holes under small, gauge ] ) N .
perturbations, and the corresponding conclusions will beénd the operator is required to be positive definite, so that

drawn simply by settingy=*+1 in the following. The analy-

(V| A|W)>0 for all nonzera¥, using the same inner prod-

sis of Sec. 11l B will then confirm that neutral black holes do Uct. The variational method has been applied successfully to

not have any instabilities in this sector.

various systems involving non-Abelian gauge fielsise, for

For the sphaleronic sector, and colored and magneticali§xample,[7]), and involves defining the following func-
charged black holes, we have the following perturbationfional:

equations, where we have considered periodic perturbations

of the form 6P(r,t) = 6P(r)e'’t:

5b,5b,2r' A’ 2eA5_
ag + ¢+F—?—7 +r—2W V=
(3.1
and
H Hp, ree ™ 0\/6
7Ly IR . 32
—Hp —H,, 0 2)\ 6v
where
be=W25b,
Hp,=WSv' —w' v,
(3.3

! !

P+ —

Sb+w’' b,

H,p=(Wéb)' +w

A
e
5V'+—2(1—w2)5v.
r

! !

2

HW=5V”+(¢’+

These equations depend on the dilaton figjdhowever, they

(WIH|[W) _(H)

Y= T

(3.9
for any trial function¥. The lowest eigenvalue of the system
(3.2 gives a lower bound for this functional. Therefore,
there are negative eigenvalue$ (which correspond to un-
stable modesif we can find any function? which satisfies
a?[¥]<0, with {( A)<o. The advantage of this approach is
that it is easier to find trial functions which satisfy these
criteria than it is to find eigenfunctions, which often involves
numerical analysis. The disadvantage is that we do not ob-
tain precise information about the number or magnitude of
the negative eigenvalues. In this subsection we are interested
in showing that the presence of the dilaton and Gauss-Bonnet
term in our model is not sufficient to render the gauge field
hair topologically stable. We shall return to the question of
the number of unstable modes in the next subsection.

The inner product of two trial functions is defined as

(\If|<I>>=f ete~ N2y ¢ dr, (3.6
h

r

and with respect to this inner product the operaipis self-
adjoint, while A is positive definite. This inner produ¢3.6)
is slightly different from the one usually employéske, for
example[7]) due to thee? term. This term is crucial if{ is

have no dependence on the Gauss-Bonnet curvature terfg be self-adjoint. We consider the following trial functions:
except through the static solutions. Therefore, our analysis

applies equally well to the case of EYMD black holes. In the
following subsections, we shall first of all prove the exis-
tence of unstable modes for both magnetically charged and

Sb=—w'Z(r),

. 3.7
Sr=(W2—1)Z,(r),
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which are the same as those used in the Einstein-Yang-Mills- Sb=F, Sv=—wF, (3.13
Higgs casé7] [these are appropriate due to our inner product

(3.6), which effectively absorbs all the dependence in this \yhere 7 is an arbitrary(differentiable function of r. The
sectoll. In order to define the functior,, first introduce a  perturbations(3.13 satisfy Eq. (3.2 with eigenvalues?

new coordinate: =0 for any.F. Therefore, if ¢b, Sv) are eigenfunctions with
eigenvalued?#0, they must be orthogonal to the “pure
d_p:e¢ef(FfA)/2 (3.9 gauge” modes:
dr ' '
o . ) F b
This is not the usual “tortoise” coordinate because of ¢he A =0. (3.149
dependence. Then we define the sequence of funcigipg —wWF, v
by [21
y[21] Performing an integration by parts, we obtain
p
Zk(p)=Z(—), k=1.2,..., (3.9 -
k f drefe N2 rg=0, (3.19
Th
whereZ(p) is an even function which is equal to unity for
pe[0,C], vanishes fop>C+1, and satisfies whereg is the expression in brackets in the Gauss constraint
(3.1). SinceF is arbitrary and the integrand is assumed to be
_ng_z<0 for pe[C,C+1], (3.10 continuous, the Gauss constraint must be satisfied by the

perturbationssb and Sv.
We note that the analysis of this subsection applies

with C andD arbitrary positive constants. _ equally well to the colored black holes (2] as well as the
With these trial functions, after a lengthy calculation, we magnetically charged black holes which occur wives 0
have [13]. The instability of the magnetically charged black holes
. may be understood by considering them as colored black
<A>:j dr eqSef(FfA)/ZZE[rZefAWrZ_’_2(W2_1)2], holes in the limit in whic_h t_h_e number of nodes of the gauge
h field functionw goes to infinity. Therefore, they correspond

to saddle points of the actiof2.1) due to the fact that the
o B gauge group is non-Abelian. In addition, since the sphale-
<H>=_fr dr 2e’e =27 ronic sector perturbation equations do not depend on the
" Gauss-Bonnet term and the proof of instability depends not
o S(T—A)12 ) on the details of the equilibrium solutions, but only on their
+ fr dr2e’e J(1-2Z)) global featuregsuch as the existence of the event horijzon
n the analysis also applies to EYMD black hol&3. We em-
o S(T—AY2 s 2 912 phasize that the calculations necessary to obtain the expecta-
+f dr2e®e (we=1)°Z,7, (31D ton value (3.1) made use only of the static equilibrium
T . .
equation forw (which has the same form for both the Gauss-
where Bonnet and EYMD mode)sand not that forg, which does
involve the Gauss-Bonnet term. Therefore EYMD black
eh holes are alsp _unstable in the s_phaleron_ic sector. This_i_s what
J=w'?+ —Z(WZ— 1)2=0, (3.12  would be anticipated, but previous studies of the stability of
the EYMD system have concentrated only on the gravita-
) ~__ tional sectoif3]. Therefore the presence of the dilat@ither
and all boundary terms have vanished due to the definition fith or without an associated Gauss-Bonnet teismot suf-
the functionsZ, . Immediately it can be seen that the expec-ficient to remove the topological instabilities of the Yang-
tation values otd and are finite for each value df, and  \ilis field. So far, the only way to do this is to introduce a
the expectation value ofl is positive, as expected. The sec- negative cosmological constalrit1].
ond and third terms in Eq¥3.11) converge to zero ak
—o0, and hence choosinlg sufficiently large, we obtain a
negative expectation value fét. We conclude that the sys-
tem of perturbation equation8.2) has at least one negative = Having shown that there exist instabilities in the sphale-
mode, and hence that the black holes are unstable in th@nic sector, we now count the number of unstable modes.
sphaleronic sector. This subsection extends the method @}, which counts the
The other equation in this sect¢8.1) is known as the number of sphaleronic instabilities of Einstein-Yang-Mills
Gauss constraintHowever, we do not need to consider it (EYM) black holes, to systems involving a dilaton field and
here, since it is automatically satisfied by eigenfunctions ofGauss-Bonnet curvature term.
the system(3.2). To see this, consider the “pure gauge”  First, we define the usual “tortoise” coordinaté [com-
functions given by parep, Eq. (3.8)],

B. Counting the number of unstable modes
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dr*
= e_(F_A)IZ, (3.16
and introduce the quantities
2 r
r 2e
X= fe*(F*A)’Ze‘ﬁ&b, Y= (3.17
r

Then the perturbed equations for the sphaleronic s¢8tar
can be written in the more compact form

dy
dr*

0= +e®w Sy,

PHYSICAL REVIEW b1 084032

(3.23

The functionug can be used to factorize the operator acting
onuin Eqg. (3.20:

Q'Q = d N 1 dug d 1 dug
dr* Uodr*/)\dr* Uodr*

S . 1 d?u, -
T dr2 Ugdr*2’ (3.2

By defining y=Q " u and applyingQ~ again, we obtain the

“dual” eigenvalue equation
o’ xy=w?y’y+e? Wiév— W5V (3.18
dr* dr* )’ d2
Q Q' y=- dr*2+u2(r*>¢=02¢, (3.25
) d 5 5 d dw
—a?efw sv=—|w2y?xy+e?| w— sv— ov||.
dr* dr* dr* where
The first of these equations is the Gauss constraint which we 1 d
assume to hold even in the case that0. In that case, we Uy(r*)= §y2(3w2— 1)+2—*(w2Y)
can easily prove that the third equation is a direct conse- dr
quence of the first two and it will be ignored hereafter. In 1 q2 1/ do \2
terms of the new function += ¢ + = ¢ (3.26
2drx2 4\drx) ’
g 12
_ X
u= w o (319 In the abovey is a function ofr* defined as
the first two perturbation equations in Eq8.18 can be dF\ 7t
rearranged to give Y=—72 = (3.27)
d?u . ) sfving th .
— s + Uy (r*)u=o?u, (3.20 and satisfying the equation
dy d
where =— Y’ +w2Y2+ —¢Y. (3.28
dr* dr*
1, 2 (dw\® 2 dw d¢ , , - ,
U(r*) ==y (1+w)+— — Equation (3.25 is another standard Schiinger equation,
2 w2\ dr* W dr* dr* i iR i
but now we have a potential which is regular everywhere
1{da\?2 1 g2 outside the event horizon, provided théts a regular, well-
+Z ¢ _1d% _ (3.21  defined, bounded function for all. Assuming for the mo-
4\dr* 2 dr*? ment that this is the caséwe shall return to this issue

o o . shortly), the solutiony, of Eg. (3.25 wheno=0 will then
This is a standard Schidinger equation, but the potentid]  have the same number of zeros as there are eigenfunctions
is not regular because has zeros. Therefore we need to usewith ¢2<0, that is, the number of unstable modes. The zero
the method of6] to map this equation to a “dual” Schfro  energy solutiony, satisfies the equation
dinger equation which will have a regular potential.

a ;'Se ‘;}pure g:auge” mlode$3.13) give a solution of Eq. o ( d 1 du,
.20 wheno =0, namely, =|-——-—
7 Y 0 dr* Uodr*/ " °
e?? dF
Yo= 2 gr+’ (3.22 S L VLl PP
wy” dr dr* Wdr* 2 dr* ¥o=0,

where in order that the Gauss constraint be satisfeen
thougho=0) the arbitrary functionF must satisfy the dif-
ferential equation leading to the solution
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Yo=W e"“zexp( for w2Y dr*). (3.30

The functiony, then has the same number of zerosiei
the last factor on the right-hand side of E§.30 is regular
for all r*. Assuming, in addition, that/, is normalizable,
this leads us to conclude that the number of unstable mod

gauge field functiorw for the colored stringy black holes.

that the functiony, satisfying the differential equatiai3.29,

is regular for allr* and vanishes sufficiently quickly in the
asymptotic regimeg* —*o so that the integral in Eq.
(3.30 is finite everywhere. We also require that the function
o given by Eq.(3.30 be a normalizable eigenfunction.
First, from the definition(3.27) of VY, it can be seen that
will be a regular function as long a$ is regular and
dFldr* #0. The behavior ofF is most easily found by con-
sidering the differential equatiaf3.23 in terms of the radial
coordinater:

2etw

r2

A’ 2

2

F=0. (3.3)

This equation has regular singular pointsratry,,~. Near
r=ry, the standard Frobenius method reveals that either
~0O(1) or F~O(r—ry) asr—ry. We consider the solution
of Eq. (3.31) which has the behaviaF~ (r —r,). Since Eq.
(3.31) has only one other singular point, at infinity, this so-
lution can be extended to a solution regular forrallhen, as
r—oo, applying the Frobenius method again shows that ei
ther 7~ O(r) or F~O(r ~?). It must be the case tha~r,
since we can show th& cannot vanish at both=ry and as
r—oo, as follows. From Eq(3.23 we have

x « d (e dF
Osjrle¢w2f2dr* =|"E — )dr*
ry réodr* \ Y2 dr*

Fe? dF e’ [ dF

(3.32

2

¥ dr* 52 \dr

r 2
1 —f ( ) dr*.
r* '

0
Taking r§— —o (corresponding tor—ry), ri—o (r
—o0), we obtain a contradiction if— 0 for both limits(if &
is not identically zern Similarly, if dF/dr*=0 for r*
=r} and takingr§ — —o, we also obtain a contradiction,
which means thatl 7/dr* cannot be zero for* e (—o,»).
ThereforeY is a regular function of* for all r*. In addition,
the differential equatiorni3.28 shows that

Y~————0 asr*——oo,
wWr*

1
Y~———0
r*

(3.33

as r* —oo,

PHYSICAL REVIEW D 61 084032

This means thaltyg|>~ (r*) "2 asr* — =, and soyy is a
normalizable wave function. Therefore the conditions neces-
sary for our conclusion—that there are as many negative
modes as zeros of the functien—to hold are satisfied.

The analysis of this subsection once again reveals the to-
pological nature of the instabilities, since the precise details
of the equilibrium solutions were not needed, but only gen-

&Fal properties such as the behavior in the asymptotic regions
in the sphaleronic sector equals the number of zeros of thg brop ymp 9

nd the number of nodes of the gauge function. In particular,
the only equilibrium field equation used in the calculations is

¥hat forw, which does not depend explicitly on the Gauss-

Bonnet term. Therefore, the result holds for all valuegof

so both the colored black holes with a Gauss-Bonnet curva-
ture term and the EYMD solutions are covered. The number
of unstable modes is exactly the same as for EYM black
holes[6], so the stringy corrections make no difference to the
topological instabilities.

So far in this subsection we have been concerned with
colored black holes, since we have assumed implicitly what
does not vanish identically. For magnetically charged black
holes, wherev=0, the sphaleronic sector perturbation equa-
tions (3.2) reduce tosb=0 (implying that the Gauss con-
straint is satisfiedand

2 r

e
ov+ - ov=0. (3.39
r

a?Sv+ oSv+
dr*2 dr* dr*
This can be cast into the form of a standard Sdhrger

equation for the variablé=e??sv:

2

- ot 5~ Usr)¢=0, (339
where the potential is
1d2¢ 1[/de\® €'
* = — —_— —_——
Ug(r®) 2dr*2+4(dr*) wx (3.36

In the next section we shall find that a Scttiriger equation
with this potential also governs the gravitational sector per-
turbations of the magnetically charged black holes. We shall
be able to appeal to catastrophe theory to show that this
equation(3.35 has an infinite number of unstable modes, so
that the magnetically charged black holes have infinitely
many sphaleronic instabilities. This result was anticipated
from regarding the magnetically charged black holes as the
limit of colored black holes in which the number of zeros of
w goes to infinity.

As we mentioned in the beginning of this section, our
analysis is also applicable to the stability analysis of the
sphaleronic sector of neutral black holes. Although the cor-
responding background solutions have no gauge field, a
sphaleronic sector arises when one applies small gauge per-
turbations to the system. From E®.30, we can easily see
that, in this case, the functiot, has no nodes since, by
definition, w?=1 everywhere. This confirms the absence of
unstable modes in the sphaleronic sector of neutral black
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holes and demonstrates the stability of this family of solu-tational sector of the colored and magnetically charged black

tions even under gauge perturbations. holes. Then, we shall confirm that the addition of the pertur-
bation éw in the gravitational sector of the neutral black
IV. GRAVITATIONAL SECTOR PERTURBATIONS holes does not introduce any instabilities. Finally, we will

examine the stability of the electrically charged black holes,

We now turn to the gravitational sector perturbations. Theyhich need to be studied separately becamge0 for the
perturbation equations in this sector, as shall be seen belowqyilibrium solutions.

are extremely unattractiveén [17] a great deal of complex

numerical work was necessagnd so we shall appeal to the
catastrophe theory analysis[df3]. In [13] the authors inves-

tigated the properties of the static solutions with varying ho- The gravitational sector perturbation equations for the

rizon radiusry,, fixing the values of the coupling constants neutral, colored, and magnetically charged black holes using
a'lg? andB. In this section we shall first consider the gravi- the temporal gauge take the form

A. Colored and magnetically charged black holes

! !

, , 2 r A’
0=056¢"+6¢ 7—7-{‘? ___+F

2 2

a'e?

—et o+ ——(1-e M)t TeA-ol)
gr

_5¢ ¢II+¢I

’ (’{), a,e¢ ra— A —A ’ A, Za,ed) eA 2 ' ’
+ oI 7— > 2 ANe +(1—e NnWr —7 +T —2(1—W YW Sw—w' sw
g°r g°r? |r
a'e? r’ et ¢ a'e?T’
- - IATa~A_a=AlTry — WA w22\ Py - - - - _ —A
+ A 7 'A% A —e AT+ (I = A )} S (1-w)? oA 7 S(1-3e M}, (413
. P AT S’ — ’ A
0=—erTow+ow +ow'| ¢’ + 5| tw'| 8¢+ 5 +—[SAwW(1-w?)+sw(1-3w?)],  (4.1b
r
a'e?ep’ r¢’ a'e?® 2a'e?
0= o 1+ P (136 M [ o - L8 L N1 3e Ny b (1—e )
29°r 2 2g%r g’r
a'e? ed a'e? 3¢'A’ et
— 8" ——(1l—e M)+ A —+ e A —e M+ ¢'?)———(1—-w?)?
¢ gzr( ) e 5 (¢"+ ") 4r2( )
a'e?| et a'e?| ¢’ A’ -
+ —(1-WW Sw—w' W' |+ 8¢ —(1-3e™M
g’r | r? gr | 2
A 12
e w
_ _ A A " 12N _ _w2\2_
(1-e M) (¢"+¢'9) 4r2(1 W)= —-1, (4.10
a'etep’ r¢’ ao'e? . a'e?
0=l 1+ 5 (1 30 M |4 50| - L 1 ge ) |5 E e T (1 e
29°r 2 29% g’r
a'e? - et a'e?| et
+8p——| ¢'T'(1-3e M+ —(1-w?)?—w'?| - —(1-w?)w dw+w’ sw’
29°r 2r2 g%r | r?
YN B PR LA (4.19
-— e —(1-w , .
r o 2g% 2r2
. a'e?ep’ N r¢' . a'e? anf o - I .
0=6A| 1+ (1-3e~ M) |- —6p— (1—e M| s’ + 63" — 5p—| +w’ sw/, (4.18
29°r 2 g’r 2
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/e¢—A ’ ’ i a,/e(b—A
0=6I"| 1- —5—¢' |+ ——(T'=A")+ (81" = 6N")| 5+ |+ ¢ 5¢'—e* T 5A -
ger 2 2 r gzr
2 5¢I1“I ¢/51"/
X1 (8¢"+2¢"6¢" )"+ 6¢'T"+ 61" (¢"+ ") +| —5—+——F—|(I"=3A") + (54— 5A)
12 al/i ’ ” 12 ¢,F, ’ ’ ¢,F, ’ ’ A-T 1y ’ QA
X[ @'T"+T(¢"+¢'?)+ —5—(I'=3A") |+ —5— (' =35A") +e "T(A'6h—¢' 1)
a/eqH—A
— ———[(8+ SA)(L—wW?)?—4(1—w?)w dw]. (4.1
29°r?

The presence of the Gauss-Bonnet term means that thes&minating SA and I". (This would be a long and tedious
perturbation equations are considerably more complex thacalculation; sed17] for the corresponding computation in

those of the EYMD systenmi3]. However, the gauge field

the neutral casgAssuming that the equilibrium solutions are

does not make them particularly more complicated than foanalytic in the parameter,, it would be possible to invoke

neutral black holes with the Gauss-Bonnet tefif].
We can immediately reduce the number of equations by
by integrating Eq(4.1e with respect to time to give

rad 4t ’
0=68A|1+ aZszs (1-3e ) —%&;&
a'e? r’
-— (1—e—A)(¢>'5¢+5¢;'—5¢>7 +w'éw}
gr
= (), (4.2

where w(r) is an arbitrary function of. Differentiating the
above equation with respect toand comparing it with Eq.
(4.19 by using, at the same time, the time-independent equ
tions of motion, a lengthy calculation gives the following
differential equation foru(r):

=0. 4.3

1 1
M’(r)+,u(r){§(1“’—/\')+?

When integrated, this equation yieldg(r)o<e 172y,
which goes to infinity whermr —r,,, in contradiction to our

functional analysis theorems to show that the negative eigen-
lvalueso? of the system must also be analyticrip. There-
fore the number of negative eigenvaluegsrresponding to
the number of unstable modesan only change when an
eigenvalue passes through the value zero. A perturbation
changes the mass of the black hole by an amount propor-
tional to the eigenvalue. Therefore a zero mode does not
change the mass of the black hole. Furthermore, a zero mode
corresponds to a time-independent perturbation, in other
words, a small, static perturbation of the equilibrium solu-
tions. Such a perturbation exists only if there are two equi-
librium solutions arbitrarily close together for the same value
of the black hole mass, that is, at a critical point. Therefore,
when there is no critical poir(as is the case for colored and
arpagnetically charged black ho)esthe stability does not
change as we vary the parametgr For neutral black holes,
there are two branches of solutiofs3], the upper branch
extending to arbitrarily large,,. The analysis below would
then apply to this upper branch, and we shall below obtain
agreement with the known result that this branch of solutions
is linearly stabld17].

Since there is no upper bound on the valuegfwe shall
consider the perturbation equationsrgs-«, in which case
they will take a particularly simple form. From this we shall

assumption of small, bounded perturbations. As a result, thge ap|e to appeal to the catastrophe theory analysis to deduce

only acceptable solution for the functiqu(r) is the trivial
one,u=0.

the stability of the black holes, whatever their horizon radius.
First, introduce the following dimensionless variables:

For both colored and magnetically charged black holes,

the behavior of the static solutions gsis varied is qualita-

tively the same. Static configurations which solve the field

equations exist for alf,, above a certain value, at which

(4.9

point a naked singularity forms. This is in accordance with )
the result that there are no particlelike solutions in this theory” that case, all the terms proportional &8 become of

[19]. There is no critical point in the graph of black hole
mass against horizon radi(i$3], and therefore catastrophe

O(llrﬁ) while all the other terms are @(1). However, we
cannot yet take the limit,—o since the Gauss-Bonnet

theory tells us that the stability of the solutions does not altef€rms contain derivatives of the metric functions that diverge
as we varyr,. This result can be considered from anotherat the limitr—ry,. In order to resolve this, we use, once

perspective.
The system of equationg.l) could be rewritten as two
coupled linear equations for the perturbatidiss and Sw by

again, the tortoise coordinate transformati16 which

now connects with r*. Then, the perturbed equations take
the form

084032-8



DO STRINGY CORRECTIONS STABILIZE COLORED ... PHYSICAL REVIEW b1 084032

g2 2 d couple in the limitr,—cc to give a Schwarzschild geometry
0=—8p+——op+ el "N2——5¢ with a gauge field on this background. It is known that the
dr* r dr EYM system possesses instabilities in this se¢sme, for
o 2 dé example,[2]). The above equation fofw is in agreement
S B e L i Y with this result. As the background gauge functieroscil-
dr*? r dr* lates around its zero valyé2], a potential well is formed in
the region wherav®<1/3, thus leading to the existence of
1de¢| d 1 bound states in the corresponding Sclinger equation. We
ts dr F&F— TaA +0 (2] therefore conclude that the stringy colored black holes are
h also unstable and their instabilities are, once again, associ-
deb ated with the existence of nodes of the background gauge
0=— W+ — oW+ — — function w. It is worth noting that, in the case of colored
dr*? dr* dr* black holes arising in the presence of a negative cosmologi-
cal constant in the theory, solutions with a zero number of
n d S+ E(iél"— iéA) dw nodes do exist and they were proved to be linearly stable in
dr* 2\ dr* dr* dr* both perturbation sectofd.1].

That the magnetically charged black holes also possess
) 5 unstable modes in this sector may be deduced, as in the
+ 5 [W(1-w)SA+(1-3w?)éw], sphaleronic sector, from the fact that they are the limit of
' colored black holes in which the number of zeros of the
(4.5 gauge field goes to infinity. For magnetically charged black
holes, which follow if we setw=0, the potential in the
; Schralinger equatior(4.8) is everywhere negative and goes

to zero ag* — + oo;

1 e
Sp+0 3 U(r*)=—~. (4.9

As r,—», in accordance with the no-hair theorem, the ge- :
ometry becomes that of a Schwarzschild black hole with The stoandard ‘?f“”lite for the number of bound states,
=const and the Yang-Mills field superimposed on this back{/m™)J =V —U(r*)dr* [22] then shows that there are an
ground. As a result, both of the perturbatiofd and s infinite number of unstable modes in this case.

vanish while the equation fof¢ reduces to the form This analysis for a very large horizon radius has con-
firmed what might have been anticipated, namely, that the

) instabilities are due to the presence of the gauge field. In
A=0°\,  (4.6)  addition, it is known that EYMD black holes possess gravi-
tational instabilitied 3], which is in agreement with our re-

r

d r d¢ d el
0=ell"M2_—s1— ff’ S¢p— —B8A+0
dr* 2 dr* r

2
Mh

?.*

o

0=06A d
=oA- 5

dr* dr*

a2 e-Mr2 ( drr  dA
dr*2 ' -

where sults, assuming that stability does not changeBagaries.
This is a reasonable assumption, since the behavior of the
=Mz field equations as,—« is the same for als.
A= 5¢exp( j T dr*) (4.7 As explained earlier in this subsection, catastrophe theory

tells us that the stability of the black holes does not change

and we have considered periodic perturbations. The abo@S We varyr,. The results above, derived in the linmi
equation takes the form of a Schiinger-like differential —>. can therefore be extended to arbitrany for which
equation with a potential which is everywhere regular as welPlack hole solutions exist. In particular, colored black holes
as positive and vanishes &5 + . We thus may conclude will be unstable in this sector, and magnetically charged

that the subsector of the dilaton and metric perturbations iglaCk holes will have an infinite number of unstable gravita-

still characterized by the absence of any unstable mode _onal modes.

Now we turn to the perturbation equation of the Yang-Mills
function. By implementing the results derived from the
above analysis, this takes the form

We now exploit the result that magnetically charged black
holes have infinitely many unstable modes in the gravita-
tional sector, irrespective of the value of the horizon radius,
to infer that they also have infinitely many unstable modes in

d el the sphaleronic sector. For magnetically charged black holes
— = W— —(1-3w?) dw=0?5w. (4.8  and any value of the horizon radius,, the perturbation

dr r equation foréw, Eq. (4.1b), decouples from the other equa-

tions in the gravitational sector and has the simplified form

This equation is exactly the same, to leading ordernirﬁ Jlas

the perturbation equation for the gauge field in Einstein- 2
Yang-Mills theory without a dilaton or Gauss-Bonnet term. alE+ —Ug(r*)é=0, (4.10
This was to be expected since the EYM equations also de- drx?2
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where&=e??sw and
1 d2¢ I

2 dr*2

dé

Ug(r*)= ar

R

(4.11

)

This potential is exactly the same as that arising in the”
sphaleronic sector perturbations of magnetically charge

black holeg3.36). Therefore, since the Schiimger equation

(4.10 has infinitely many negative eigenvalues, magneti-
cally charged black holes also have infinitely many unstabl

PHYSICAL REVIEW D 61 084032

Since this potential is everywhere positive and tends to zero
in the asymptotic regions, we can conclude that there are no
unstable modes. Therefore neutral black holes are stable as
we varyry, (we emphasize that this applies only to the upper
branch of solutions ii13], namely, the branch of solutions
hich extends to an arbitrarily large horizon radius and
hich includes the bulk of the background black hole solu-
ions[18]). In the next subsection we shall show, by another
method, that the equation fdw and generat, has no un-
stable modes. This result will be useful in studying the sta-

EE)ility of electrically charged black holes, to which we now

modes in the sphaleronic sector, as asserted in the previoys,

section.

For neutral black holes, in the limit of a large horizon
radius, the potential in the perturbation equationdar, Eq.
(4.9), after settingw= =1, reduces to

r

B. Electrically charged black holes

We now turn to electrically charged black holes, which
need to be considered separately from the other cases be-
causeay# 0 for the equilibrium solutions. As in the previous

U(f*):%i_ (4.1  subsection, we first consider the linearized perturbation
r2 equations involving the metric perturbatida :
|
a'e?ep’ r¢' a'e?® 2a'e?
0= 1+ L8P (136 M [ o - L8 L T N1 3e Ny b (1—e )
29°r 2 297 g’r
el a'e? 3¢'A’ a'r ) o
+5A{T+ 7 e Mg ¢>’2)H —4—gze¢e_r[a02(5<z’>—8F)+2a0(5a0—5b)]
a'e? a'e?[ ¢’ N’
—8¢"——(1-e M)+ 54— V—(l—se—A)—(l—e—A)(qbu¢'2)}; (4.133
g°r gr L 2
. a'e?ep’ | e ale? o . T’
0=6A|1+ (1-3e ) |——356d— (1—-e )| 6’ + 6" — 65— (4.13b
29°r 2 g°r 2

Integrating Eq(4.13b gives, as in the previous subsection, a Since the left-hand side of E4.15 depends only om and

function w(r) such that

!

r !
1+ ety (1-3e ) |- 2
2g9°r

w(r)=5A — 8¢

a'e?

1"/
- u—ewaW5¢+6¢u~55¢y
gr

(4.19

which satisfies the following differential equation:

1 1
u%m+uuﬂ§a”—Aw+;

a'r

292

e?e a

. 1
a,6¢— sb+ dap— Ea(’)(&l”r SA)|.

(4.195

not ont, the same must be true of the combination of pertur-
bations in the brackets on the right-hand side. For periodic
perturbations, it follows that

. 1
Sb— sa,—a,o¢+ Eac’)(b’l"-i-(SA):O, (4.1

in which case, exactly as for colored and magnetically
charged black holesy(r)=0. It should be stressed at this
point that Eq.(4.16 does not in fact correspond to a choice
of gauge. According to the residual gauge freedom of the
gauge potentia(2.5 the quantity&b—c?a(’) is invariant, so
we cannot choose its form. Equatiofh. 16 therefore repre-
sents a constraint on the gauge potential perturbations, nec-
essary in order that Eq$4.13 be consistent. Wheny=0

(for neutral, colored, and magnetically charged black holes
the two equations fosA are automatically consistent, re-
gardless of the behavior @f. The remaining gauge freedom
could be used to sefay=0 in the electrically charged case,
as for the other types of black hole solutions.
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For the construction of the Yang-Mills perturbation equa-tion éw at all, although the spatial dependence for each time
tions, we first define the quantity=aow. For equilibrium  t will be that of the solution of Eq(4.20 wheno?=0.
black holesc is set to vanish identically, although=*1 In order to get Eq(4.20 in the form of a Schrdinger
anday# 0 [13]. Therefore, we regard as a separate entity, equation, it is convenient to define another new coordifate
with perturbationsc, which is independent odw and da. by
The Yang-Mills perturbation equations then take the follow-
ing form:

ar —e b~ (T-A)2 4.21)
dr

e~ (A+D)/2p 206

_ da(A—T)12 : . ..
0=+2e’e" " D%(sc+ 6v)+ 0, Again, the presence of the ¢ term means that this is not

the “tortoise” coordinate[compare Eqgs(3.8) and (3.16)].

: 1 Then Eq.(4.20 b
x| 8b— 52— agag-+ Say( T+ 5A)”, 4.173 en £q.(4.20 becomes
d? 2ele?? -
0=+ 26t~ N2 5" + 5y + e~ T+ )220 ey Sw+ = Sw=a?e??sw. (4.22
x| ob— say—aldp+ 1(5F+ 5/'\)}, (4.17p  This equation is not quite of the standard Sclinger form,
2 due to thee?? multiplying the o2. However, sincee?#>0,

the standard theorems still applsee, for examplg23]), so
in particular there can be no negative eigenvakiebecause

=M Tad( 5 c (T=A)25¢ /
0=e"""e?(dv+dc)+a[e e?(ov' = 6b)] the potential

da(A=T)12 q
+e%e ag(agdv—6w), (4.179 el 2é
= (4.23
r
. . r’
0=—er Tow+er Tagsv+ow'+| ¢'+ - _ ,
2 goes to zero ak— == (i.e., at the event horizon and at

, infinity) andU=0 everywhere. Since there are no negative
— —|ow' +er"N2a (sc+ 8v), (4.179  eigenvalues forr?, this means that the solution of E@..22
2 with ¢=0 (if it exists) can have no zeros. For a physical
perturbationdw, we require thabw—0 as’R— * . Since
oW has no zeros, it must be of one sign and have at least one
maximum(if it is everywhere positiveor at least one mini-
mum (if negative. By Eq. (4.22, d?sw/dR ? has the same
sign aséw, since the potentiall is positive. Therefore, if
sc=—38v, Sb=F6v', aydv=0ow, (4.18 Sw>0, at a stationary point?sw/dR?>0 also, which
means thatw has a minimum. This is in contradiction with

where the+ depend on whethev= = 1. With the constraint
(4.16, the Yang-Mills perturbation equatioi4.17) simplify
greatly, and reduce to the conditions

and the equation foéw then also has a simple form the requirement thadw tend to zero in the asymptotic re-
gime. A similar argument holds iéw is everywhere nega-
A tive. The only possible solution of Ed4.19 is therefore

ow” +

1 2e
¢+ E(F’—A')}a\/\/’— —-ow=0. (419 w=0, sothat
r

ow= dv= b= 6c=0. (4.29
It is rather surprising that this equation has no time depen-
dence. In order to study the space dependendofve are  We note that the fact that there are no negative eigenvalues
going to consider the above perturbation as the zero eigere> of Eq. (4.20 confirms that there are neutral black holes
function of the f0||owing eigenva|ue prob]em: with no instabilities, even when embedded in the non-
Abelian gauge group.
1 et For electrically charged black holes we are left, as with
e | black holes, with effectively only a gravitational sec-
" (T =AW — — dw= — 25\N. neutra b ) y yadg !
¢ 2( )} r2 7 tor, consisting ofé¢, 6I', A, and da,, the latter being
(4.20  constrained by Eq4.16 to be given by

ow" +

We note as an aside that B¢..20 is the equation satisfied
by periodic perturbationgw in the case of neutral equilib-
rium black holes. Here we shall be using E4.20 as a tool
to show that there are no solutions of E4.19 representing We could use the remaining gauge freedom to&®=0,
physical perturbations. It should be emphasized that Edput this will make no difference to our analysis. The remain-
(4.19 does not restrict the time dependence of the perturbang perturbation equations take the form

1
sag=ad¢— 5 a,(sT — SA). (4.25
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0= 5¢rr+ 5¢r _,_ _,_|_E _5¢ ¢H+¢’ _/__/_|__ eA7F5$+ ,eqs(l_efA)(eAfF&/"\_al-w)
2 2 r 2 2 r g2r2
’ (’b’ a'ed’ ra—A —A ’ A’ ’ qs’ ’e¢F’ —A
+ oI [?— 2.2 ANe *+(1-e M| T —7 —O6A ?— 5.2 ?(1—38 )
gr gr
a,ed) I'ATa— A Al Tn I ’ ’ a’ ¢a—T 12 12 12
+ SA g2 I'A'e *—e™ 2T +?(F —-A") +2—gze e '[3a,°dp—2a,°0l'—aj dA], (4.26a
a'e?’ r¢’ a'e® .a'e?
0=oI"| 1+ id (1-3e M) |+ 59’ —i+ I''(1-3e Y| -8p——erT(1—-e?
29°r 2 2g%r g°r
el 3a’'e? ) a'e? alt ) )
+O6A| ——+ ' Ne M+ ¢'T'(1-3e M)+ —e?e "[3a)26p—2a,26T —a,?6A], (4.26D
r 2g% 29°r 42
a'e? A ! 1 AT ok
0=l 1-———¢' |+ = (I"=A")+ ("= 6A")| 5+ —| —e " 6A
g°r 2 2 r
a'e? A . [66'T ¢ ST
— | (80" +2¢" 3¢ )T+ 8¢'T"+ 6T (§"+ ¢'%) +| — 5| (I =3A")
ger
) ¢II“! ¢Il“! A_F . .
+(Sp—6N)| ' T"+T(p"+ ¢’ )+T(F’—3A’) +T(5F’—35A’)+e (A"6p— ' 5N)
a!
+¢' 5 — Fe¢e‘r[3a()25¢—2a(’,251“—2a{)25A], (4.260
g
|
where A is given by Eq.(4.14). This could be reduced to a d rdo d el 1
single equation by using Eq4.14 and (4.25. However, O:e(F*A)’Zf*ﬁF—ET ~-0¢p— = 6A+0 —2),
since we shall be appealing to catastrophe theory, this does dr dr* dr r Ih
not afford any advantage in the analysis. 4.27
Now that the system has been reduced to a set of coupled R
equations(4.26) involving perturbations of the dilaton field _ r de
and metric functions, we can once again appeal to the catas- 0=0A- 2 d?5¢+o a :

trophe theory analysis dfl3]. They find two branches of
electrically charged black hole solutions, one of which ex-

These are exactly the same equationithout the equa-

tends out to an infinite horizon radius. We shall focus on thisﬁion for 5w) as those obtained for the other types of black

branch of solutions since it is this bran@hany) which can

hole solutions(4.5). In this case, for,>1, the geometry

be stable. As in the previous section, we consider perturbar—educes to a Reissner-Nordstrdlack hole, with:=const

tion equations in the limit,— <, and work to leading order

in 1/rﬁ. Using the same tortoise coordinate as in the pre-
vious subsection, we find the equations

. 2 2 d d?¢
0=—0p+——0¢p+ el N2 __ 54— —
¢ dr*? ¢ r dr* ¢ dr*?
2 d 1d d d
y Zer-ne P Sp+ = Kl B
r dr* 2.dr* \ dr* dr*
+0 !
r2)’

As in the Schwarzschild case, the perturbatiéhsand SA
vanish identically, and the equation fé% reduces to Eq.
(4.6). The same argument then shows that there are no insta-
bilities in this sector for,,>1. The catastrophe theory analy-
sis then tells us that the upper branch of electrically charged
black holes is stable for atl, .

We conclude in this subsection that the upper branch of
electrically charged black holes is stable, whereas we have
already shown that magnetically charged black holes are in-
finitely unstable. This may be surprising, especially since the
gauge field in both cases is essentially Abelian. However, for
magnetically charged black holes, the gauge potentiafris
bedded Abelianin other words, it corresponds to the product
of a U(1) gauge potential and a constant matrix. This embed-
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ding in the non-Abelian gauge group &) gives rise to an the limit of an infinitely large horizon value. Although the
infinite number of unstable modes. As discussed earlier isubsystem of the metric and dilaton perturbations was found
this article, the same conclusion can be reached from obserys be stable, instabilities attributed once again to the oscillat-
ing that magnetically charged black holes arise as the limit ofng behavior of the background gauge function around zero
colored black holes in which the number of nodes of thewere proved to exist. As a result, we may conclude that the
gauge functionw goes to infinity. This leads to infinitely accommodation of stringy corrections to non-Abelian black
many modes of instability in the sphaleronic sector. On thegles fails to render these solutions linearly stable.

other hand, because of the construction of electrically The perturbation equations for magnetically charged and
charged black holeéin particular, setting=aow=0 in the e tral black holes, under the same type of perturbations,
field equations although neithep norw vanishh means that 5y, easily follow from the corresponding ones for the col-

g:ﬁ ?a¥E§rg‘%trzn:Lﬂ Isstagbeilrilu%(?%gséwslg}ﬁﬁgr?; )ilsenrgt:) 3?1-ex ored black holes by simply choosing an appropriate value for
pe(gcéd. In this case there isyeffectively no sphaleronic sectoPhe bac_kground gauge funcncm.- .Th'S allows us to d.rf"‘W
) o .~ “conclusions concerning the stability of these two families of
so other instabilities present _for colored and magnetlca"ysolutions in the same framework and by using the same
charged black holes do not arise. methods as above. Then, the study of the sphaleronic sector
reveals the existence of an infinite number of unstable
V. CONCLUSIONS modes, for magnetically charged black holes, and the same
. . . . ._holds for the gravitational sector. The above result is in ac-
inslpnirter:jlsthaefg;:)I/ec;fvé(reac%\//?hg?Elsélg:rriggsathgeerr:ﬁﬁuizrﬁ?ﬁasltgc?l?-éordance with the interpretation of this family of solutions as
; ) . : . the limit of colored black holes in which the number of zeros
pllng_of a smgle s_calar field, the dilaton, to gravity through of w goes to infinity. On the other hand, no unstable modes
X]t?eﬂf: eSrLf(jze)n;ZE\éi ?:%S.STE%n?ﬁ é;s;n;}:; \l/)vee(lalnazr':gvenn%nare found for the upper branch of neutral black holes in both

previous work[12] to admit regular and asymptotically flat sectors which confirms the stable character of these solutions

black hole solutions that are characterized by the presence 8t Only under metric and scalar perturbatihg] but even
a nontrivial dilaton and gauge field on the region outside thé/nder gauge-dependent perturbations.
horizon in contradiction with the “no-hair” theorem of the ~ Finally, the stability analysis of the electrically charged
theory of general relativity. Nevertheless, the hair of thesesolutions was conducted although in a different framework
black hole solutions is merely “secondary” in the sense thatof perturbation equations due to the differémtsazefor the
no new charges can be associated with the aforementiondwckground gauge field. Nevertheless, we were able to show
nonvanishing fields. The dilatonic black holes that arise inthat, in order for our perturbation equations to be consistent,
the same framework but in the absence of the gauge field constraint that involves a combination of gauge, metric,
[15] have been already provéd7] to be linearly stable un- and scalar perturbations must be satisfied. In that case, we
der small, bounded, spacetime-dependent perturbations &ave shown that the gauge perturbations are completely de-
they correspond to the stable branch of the family of neutratoupled from the scalar and metric ones, a feature which
black hole solutions. Then, the question of the behavior ofacilitates the study of each subsector. The gauge perturba-
the colored black holes under the same type of perturbationgions were found to reduce to a single equation fw
and in the presence of the same stringy corrections, naturallyhich, however, was shown not to accept any solutions rep-
arises. resenting physical perturbations. On the other hand, by using
By making an appropriate choice of gauge, the linearizedhe same continuity arguments and working again in the limit
perturbation equations, for the colored black holes, were deof an infinitely large horizon, we proved that no unstable
coupled into two sectors, the sphaleronic and gravitationaiodes arise in the remaining subsector of metric and scalar
ones. In the first sector, the perturbation equations resemblggbrturbations for the upper branch of the electrically charged
those of Einstein-Yang-Mills-dilaton theory with the explicit pjack hole solutions. In conclusion, the bulk of electrically
dependence on the Gauss-Bonnet term having been elimiharged black holes, in common with neutral dilatonic black
nated. For the needs of our analysis, well-known methodgoles, are stable under small, spacetime-dependent perturba-
[6,7], which were previously used for the stability analysis oftions. The stability of these two families of solutions can be
black hole solutions arising in the framework of Einstein-jystified by their interpretation as a generalization of
Yang-Mills theory, were extended in order to accommodatereissner-Nordstrn and Schwarzschild black holes, respec-
the dilaton field. Then, the existence of topological instabili-tjvely, in the framework of string theory.
ties was analytically demonstrated by making use of the
method of trial functions. The number of unstable modes in
this sector was determined by mappin_g the irregular Schro ACKNOWLEDGMENTS
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